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PREFACE 


Moflt uuOflrgraduflte* in ptiyilc^ knaw b Kr«at i 1 «al of elettroaafciootij«i, 
fpeciaX rolftilTity and qiuuitmD Moohanlc^ ^7 the tlaia thuy hsve conplated thair 
conrea^ but practically rtotbing aboot wo^rn th-acriaH nf t-atloii# Tfit 

^BTlty ie nov one of tke moat oxcitiicm ariuiii of pbyaicB, botJli espErijnentally 
and iJi»orot 1 cally^ in addition to it* unique rolatlon vltb at Icaet tbc larffe 
scale atractare of Bpaee and time* After sonie forty yeara of rolagntiop to 
the reaiiJ of coenology^ relatlviatio ftreritatioB baa oatareil estrophyaiO p with 
a vengeanEa folloitiiig tbo discovery of neutFani aiiora and, Tr^ry ^ocently, cob^ 
pact JUroy »QarteB. Whil® tbe revival of theoretical tntereat in uravitatiop 
hall been fed by the Bitecepoful explaaation of at leaiL tbe qualitative aspects 
of Btallar evolutloo and £ha apparent inevitmbf llty of gravltotioiiBl eolUpei 
at the end of the life of perfectly narmul atarst f-h® technology of tbe atcond 
half of this conttiry baa nmdo popslble e^erluoiita of biiherto iinpretedEatod 
accuracy in the field of gravitation* ecjne qualitatively new- El note in** 
theory of gravitatioBi, general relativity, haa beea verified at the one p«r 
cent level, gravitational wave a arc being Tigoroudly puraued and it se™* 
qulte lively that the c 45 Bipadt X-ray source Cygous X-1 contplpe a star so col¬ 
lapsed that even light cannot eocapo lt| a black bale. 

*Hie interested undergraduate has no eceeaa, other tbon anipopular srtioles, 
to auy of thii eiclteBcut, laoGcing (aa do moat profecsicual physioIsta) both 
the Bwtheiiiaties of general relativity and the ioeigbt and e^rienoe naoepanry 
to clothe the DEuthoBAtico with phyelcal reality, I have written fbia boiDk in 
the hepe of purveying the flavour of the pfeyaical reality but without unfomi^ 
liar PDathctonilep. the book Ip baaed on ieciurei i flret gave to mmmnd year 
undergraduatoe at Orford in liJT4. Hy audience had oottpleted courseo in ei*e- 
tromagnetlon and in apocia] relativity 1 and 1 detervLiiiied to tackle gravitation 
without employing od the cue band general curvi 1 iuear coordinates, or on the 
other the Lagr&ngiBn formilation of fiolil theorys t have applied the ei«flBU- 
tary toole of special relativity to the prohlca of generaliaiug .Newton's theory 
of gravitation* The wenkne&E nf this approach is that it £a not practicable 
to puah beyond the weok field approximation to the Einatein field equdtions 
(although 1 did find a way of treating the prccesaion of the peribcliun of 


vri 


And it. ift iint to a diactiBQloD of WMialojjy* It* Atrongtb ia 

IhaL It iKiiilfiB q» BotoriBl cEiitrol to atij- pby«ic« courav hnel nhoulili^ I bope> 
not only deupaii tJae uoaeratandof tlieJO fovind«tions but olao bl?id|fa the 
ofiparanL cbann aaparatiQi^ gravitHtioQ from tho reft of plkyaioOt li furtfaor 
hoa the oavqiitiij(a tliot ojtjuouib irsv-itattop im tr^fttod aa a eloaaicicil Ctfrl4J 
(and B field cnn^Eapond^ii^ to MOi^lees opiii two gTATritona at tlint) tUe dia - 
^ rtina ^ f apnco- t tme by the p rgf=gnee o f pma ii^gie^ea &m ft doilrabir way of 
iHtg.rpret jj|B t he re^ mlig * 

Thia approoch la liable to inttu: odium on the KrouniJa that it delays the incnl^ 
cation of the nnly pI^ap^r mode of thonj^bt^ opanely the geometric treatflMsnt of 
general rolatlTity, My cfafedce ogainat rsuch a charge Iloa moal^ly ahov«i> bill. 

1 ahnuid renuirk that a field theoretical Approach to gravitation leade oLtnnat 
inevitably to general relativHity uhen puriued to all ordoro in tho attongth of 
the gravitatioiml potcptlali iu:d it Rhould alway# ho ra&cfflhcred that physics 
i« an experiiQAPta] subject and it Is not iopoesible that u pure geometriir ap¬ 
proach ope My prove to be uPtenabLo. JlnyDne intendinit to dinreiqp a 

profeasional intereit In gravitation Boat laarn the maihcnmtical lun^agE of 
genoroi relativity: it is my hope taerely td hflV’S providj?d a way in ta the 
vnbjecrt fur thnee not yet bo tflUippedf whether iirLdargriidimtee or prufcB^iozml 
phyaiciatd whose iraming cuid aodee of fiho-ugbt are aub.jeet to the 
I IniUiiioUA aO my owiii 

fbe pi DO of this book is as foil ova ^ In djapter 1 apt t ini relativity is 

briefly reviewed, with the enphaaia uti the Lorcbti covarlonce of the equations 
of phyaitB, IherA is then m short diaouesioia of Bccelerationa in the frane^ 
work of ppatial relntivltj^, (fravity firat appears at the eocl of this choptert 

when the reader la confronted with two probiemaa The Augeicntliig of Newtoniiin 
grovitatioo by Bmaa-energy squivnleoce aHows a calcolntlon of the gravita- 
tiotiOl redahift, vfaich comes out right| ond a calculation of tho deflectiud of 
light by the Snnt i^hioh conea ont wrong by a factor of two, A Eioqile miodird 
application of the pirincipLe of unique acoeleration im o giovitatioiuil field 
(often Loosely referred to as the principle of eqnlveiancc) ylelda precisely 
the same onswers. The two probloms are, fir^tt bow cun tlie iruVitatlonnl 
ilAflectiun of light he a factor of tw bigger then yielded by Lhese colculo^ 
tiona, which get the redshift (oo energy difference] rights and eecondly, 
given that )ight deflected by twice the result of theBe naive CAlculotiona, 
how js it possible nonotheltsi to mainioiu that there is no way of det«ctiiig a 
gravitational accoleratlon by ohaervationa vithin a freely falling Isbarnlur^fT 









Chapter ^ contains a diacufliloa uf the ElftVIIII-4}ielce eiperijflEntfl ^hlch 
caUbliilied the ieiaiiiity of iaertlal am? ifravltational i^bs, an^ the detail#^ 
coDcluBitiiid th^t Jtoj bft drftv» frva theM. In Cliaptar 3 th* eqUBtiona of 
electrod^nanicfi are deri'yed liy itsrting fra® the iN^natioiie of elefitroatatica 
Mrtd re^^liiriflfi that the Hore ^enerAl aqnatlana are L^rentx ooTariont; eloatro^ 
CyuamitJt ie uoefl ao a model for graTitatian, and thii iia^biiiery is applied to 
gravity in Chapter 4^ vher# the fi&ld equatfoda are lat up with the cooeerrod 
eii&r|ty-iioiaenti 4 ii tensor aa aource. the ohBErFfid doJlaction of lijihl. hy the 
Sun ie uaflil to dtatii^ish hat^iaeii TartouH a priori poaolhle fnmiE lor the 
graTitational potentlsla. In Chapter 6 the matbiDory La applied to the force 
lavOi yielding w^uations of iCDfition+ imd the annwer to the firat prohlrtd ruised 
in Chapter i ie proTided; there le a Talooity dapaudant forca aoting at right 
angles ta the oution ehith deflocti a partiole ulthont chadgitig ite energy^ 
the slowing dNiW of light in a groTitatianal field, together with th« eguatinna 
of Botion la free fslU i® u®**! **3 CheptEr fl to find the oaovor to the oerond 
qnestiotL raised In Chapter 1, Fun the point of Wew adopted in this book 
clocho are physioolly alexwed down by a grniritational potantial and meaaariujE 
rods are phyalflaliy contracted: effBcts which nay be rEpreaflated if deeirtd 
a* 0 dietortioll of Spoea—timE, 

Since gravitational energy is eipecicd to be n Bourco of gravity, tbt" full 
gravitational field equations mnat he nonllneor and the woHc of Chapters *1^ 
ia conducted only ia the weak field spproxLEBatiou. Gravitational redshUt* 
deflectloa of light and rodar echo delay may all he diaeussed in theaE tenuB, 
hut the fourth famous teat of general relativity, the procedBlDn of the pori- 
belian of Mercury^ may not bo. Thia ia the subject of Chapter 7, In which 
the weak field equations of motion ore augneated by a mmliniar tenn. This 
term is derived by requiring that the Eharactcristlc timee ond diatancos of 
l[r®.vlt6tlonally hound systeoug are affected by on EktemBl gravitatioual poteii— ■ 
tial in the sane way as atomic periods and siaes, a form of the prmciple of 
strong equivoleace- Sines celestial mecbonies tends to ba neglected in under- 
graikiBte physics couraee, the pj'ienofflinpn of precession and the extraction of 
a iiUBerlcfll value ote treated in terros of radial oscillations etiperimposed on 
a cirouiar orbit. 

In Chapter a the weak field equations are again employed in diacusBlng tho 
iiaturc of gravitational radiotioii, its genEratidii imd dEtection. The die- 
covery that the rediotion fields nvsoelated with the theory giving twice 
the Newtonian dofloction of ll^^t are gauge invariant givcE a theorotLcal 


't 


PRIIFACJ^ 


aaliv^tlot) for tliifl cfaoi^ of theory und nfilc^g the oouneotioii vitb 
spin t¥^ ||rbvitoii«» 

Tbn last two cliflptfrfi are m^cpturily liiHjotiit Trom the rejit of this hoofc^. Ir 
C hupter a OD utie^t is %a establish the oobuectiDR with i^eucFal relati- 

vity^but the Eiaateiu eqaattona BF? Rstther derivttf dot Bolted, The 

relation betneen the Mtrio taaeor anil |iwltntioniil iwteiLtials is dismiaaed, 
and the Schvortsschild aolirtioR in both stendord and iaatTopIo coardiimtoa 
ufl*d to diaotiia the eupcriaeiital teats of iEeaeral rolatlTity* The la it 
chapter eontalna a brief dliouamioD of bls^lc holes. The SchwariSachi 1 d eolu- 
tioo Is used to trent the propagatton of light and purticle totioq in very 
'strone fields and the book itself ends with a short dfseuasioii o-f how his ok 
holes May nmtfeit theskaalvea to the sstnunaaier^ 

Itt I^an 8 t^actlz 4 ; this approach to irai-fietioD, I fomO the following works 
pertlcnlsrly iiaefnl: ‘An aliematire spftroaoh to the theory of gravltsiioii% 
w.i, Iblrrit^, AnosU of ^y*ioa, jj;, m (ml)I 'Ueturea on GrairitstloD't 
R,P. FeytiKHiD, (106^-63), (tutpublisfaed leotnrs dates) i ''Grwiiation without a 

lOi. 

prlDclpl« of eq^uinleneo', H.a, Dlcliet Hpd, Ftiys., 3||3 (J9B7) , In 

prepariqg the l«ct dutpiirr I frcni 'Black holo pfayslciB', a, & »Tti , 

CEBU B«|wrt 'Wl7» , (1073). 

] , 1 , nueii in<l«'bl«il to I.J.B, AitcliiHni SiJ. Orelal nann, J,C. Millar anil T.K.lt. 
Roblaum for their eritieat reatfiqc of th« draft of thia tniak and innunarabla 
helpful conaeiit-B* 


C’HAPTT.R I 

SPECIAL RELATIVITY AND ACCELERATIONS 


1.1 SBflciBi rclati'rity la brief 

Tli« pflnclple of rol^tlvity asaoriH that ttiere ia no noaiiingfal vay of 
doflning aljaolute valooity. In thio fom it ha* little pJiyetcol canteut Irat 
ve COD aipreaa it in norfl phyaioal temt the Lbi«* of phyaice are the eue 
for All o 1 >«ervAre in imifoini nlstive pwtiian^ Suth ob»errArli inboliit inartiAl 
froiDBB tif rflfwepce; tbe Untion of mn i&Brtiftl fraao li th*^ in nn 
fruE a pATlicLfr 5 »tes in a atriiifht lint at rouHtnUi Ytloelty unleBs It ifl 
aAtEd opon by a force* Tbia is Bot a ctr-cuiar statoiurtats If tbnrs in a fpjre* 
flonothlDg is pr#EOUt to produce it. 


A cDorditiaie tranvlonoatiao euBiitctc olifterTEre in difforopt froHiEB^ II tho 
prinriplo of relatlTity is correct (and tbia nuat iteclffad by oxperioiopt) 
tbeii B tfivoB sot of equation* oipreBsica a piscE pf pbyotus in one fraflia, mib- 
Jeetad to sucb 0 tTanaforuitiotki rotoin* its farm and oontant. In 

Kcvtoniafl sMcbanicSt tbe pquPtlon. 

F Es ms 

vfaioh VO Day write as 

Fj ■ ma^ ( 1 * 1 * 1 ) 


retains it* fona sod nTsperlcsl content under arbitraty translotionB and rota¬ 
tions of the ooordlnatos. It slao rstsins its forv and nuDorlaal e^atant 
under the ^liLeau transfomation ceiinect.iD£ two ipertipl trsaoi 


X ■= 


E M is 

t' ^ i 


(1.L2) 


(au^DLonted if ao dtisirod by tronalations ond rotatlonB), This trimsfomot I on 

to the 

Tho vslocity r is the 


relates tho coordinates of o glvtn erent la the priuod Inertial frasie to tho 

-aW 

coordinates of the same e^ent in tho unprlned fraine* 
rolatlre velocity of the two framfes, for 


Ht' 


= - V 


djt 


= +v 


(1.1,3) 


The spatial separntion of events ocourrlnfi et the ssms tlot is the eaHe in both 
frames (ao invariant quantity) ond th* acceleration of the teat particle of 
mass m Is the sane regardlaBa of which set of coardluates is used* That is 

iiLi i 

for a IEiveil r<orce any two ohBervora in ooliom relativo biotion measure the 


1 



2 


GMVlIMidiK AM} BH^TlVin 


acovljamtiDa, A law wtilvh rotainfl it^ farm Anti RTBiwriti]. cud- 

taMt udder a particular trEkCEfonniition ii said ta be eovariaut with r^ 8 |}&ct 
ta that trapsfcriMtidd. 


The equations of aiecircisaBdet isB are npt ccvarlimL with respect td the 
Gellleab transforowliod, Capaider for eutttpL# the Dleetric field of b piaae 
wave 

£ = £ »in(k3c- 4»t) * 


The phase is 


Cp = hx - urt 


and the phase velocity is 




{1A.4) 


Tl\i5 DWifnetle field is fp phtsc vilh the electrie field- when the phase Is 
asra there is pc field aad all abservera should on this. The ptiase 

should be an invarifint and we caa use this to warif out whet happens to k and 
[u iiiSidsr the dal neap tranefoniatiaii, that is to raletc the Yoluea of vaVa^ 
LaQjftb and fre^uePEy perceived by one obserrer to the values psrevived by 
aaatjifr moTiPg relative to the first. The pba be ij3|{ i!hD itfrariaat-a 

syst bold for all positions and timas. 


If s' and are giv^n in teme of x sad t by the GnlLIaan tranaformatiofiT 
w« Bay «|UaLe doefffcieiits of x and t and obtain 

» k 


vfc ^ f. H* ^ ^ UJ 

vhence 

«»' = tt(uf) 

and tho phase velocity in the printed ayste* ia 



We have obtained tbe Doppler shift and the axpoetsd relationahip between the 
velocity of l£ieht in the two fr*B»s^ The fact that the veLaciiy is differ^ 
ant itself demonstmtoi that the equations of electraBoaifiiatism are not cova¬ 
riant with respect to the Cd111«Iii;] Lransforanatioiifl. The point is nibbed ia 
by ndtlng tlmt ae it- e , oi'-O Bhd la tin priJKH fj-ime the el^stric fi*Ld 
OECiflUles EiDUHldDTly witll {Ktsitian and ta Cdllfttnat With tiwa* Sueli a 
field is not 0 ialutlDti of Hoxwell'p fqiiatlans. 



SFBCIAL BELlTI\nTY AfflJ MCH^HlAl’TONS 
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jJjB-ww lij fity light 4 . u. BfcatfUfed with Twl opparttimv ifl « 
Havvereel'-OflifirstflTlt for oil ohoor^orOi Vf- KlJlt oithOT ffoppoOO 

tliot Telofiity 4aas flonwttiing fimny to olticlcfi oofl ijeHBaring rodo or ttioi the 
tmniifonsatioa reloting the coor^inaleH {j^ i t ^) "to tli^ ^oordiontes (Xf t) ie 
not tho QAliLeon IrBOfifonuition. If tlw veionity of light im a uniT#rjial cor- 
Btani rogordloiifl of the tiatnri] of the -opporotye tfn|iiloyo4^ thaoe RhoiooB hocooH 
operBtianBlly indiotipgDiatuiblo. Adopting tha oetond choice* vT isan. ahtoin 
the oorreot tronoforBetioiip hy obBtroetlng froRP HBiwell^o *qw*tlonis one prop^ 
*rty: that tha veloeity of light It a ualTarul conBtani. 

Comider two frniuoa of refereiice^ aaoh o^uipped with idantieal apparatus, but 
■oving with walooity v ralatlTa tq each other oloog a CMimon i oxit. (W^ 
f*jin alwayt jmlce # rotttieo of coordinates so oji to achieifs Ibii^) For ton— 
veniODce choose x^a x=-0 whsn t^a taQp 


Lsi the coordioate x* be related to the UD|irliDed coordltoitsa thrcogh 


- ■ “ll* • V ' ‘l}* * *14* 


and wlto in general i 

where wa employ tbe R<qizreoti.aQ of siwratiqD qvsr ropooted ladlcea (suoli o 
repoatsd index Is called dtwuy] * expect the eoeffiofeota to depend 

only on the relative yelonity ir , This is a IlDSor tranffonaatiqii connect log 
the coordlnatSB of a given event {xocb as o ijnrefront reaohim o ^eellisd 


detector) In one inertial Jrane iftth ths coordfnqteH qf the some evefit in 
anothor inertial fraoe. The tranaforniatliin lx linear beoouss only for a 
linear tra.asforBBtiqn ia the uiMCcelernted nuilon of a partifilo in one frope 
seen os UDACcelerated notion in the other (aes Chapter 


The equation of an sxpandiiig hove front in the uoprimed frajse is 

= 0 - {1 

If we cbooBe to defin* oaordiiiatee x^ » (m, y * a, ict) this can be expreapsd 
in ths compact fom 




0 . 


{i.1.7) 


In tho primed frome^ rsUtod to the unprUabd frame by 


V*v 




ve Dust hnvE 
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GHAmmON AND BELATmTY 


BQll BQ 



Thin £ir«a ti 9 nt onc« tli« relation 



{1,1.5] 


Kr&n&citftr delta lotion, hanug th# tbXuii 1 if ^ = V 

and Btnp DthBnrLia, 

For tranaforfibiiloiiB along the Boitual i tpios ve can write 6 fnrtlinr relation, 
Ve hBiv'4 frpid 

*1 “ \ * 

Difforootiate vith reapect to for fiaefl and 


*11 = 


(l.l.B) 


0 


Ttiia^ oquktion r«Ut«» th» tranafanaallan oasfflclimta to tha rcLative velocity 
of the two frwBOB, aod wltli e^, {I.I.b) dotemiiiaa lie tranBfotfltatiada, We 
first aote that for aotinu elong tlic autoal x ajc«a only tbo x nad t ooor— 
diaatea caa bo nlxod wltbaat incoaaiBtonoisa arioiDg tmd ho the relatioa 





glvea, on eqinotlnt oosfficientz. 



“ll"l4 * *41*44 ^ ° 


41“44 


which la ju&t vriitao ntit ^itpHnftly for tbia cnaei 


If w« call tlic velocity panu&etcr V 



then. 


1 


1 



SPECIAL EHATTVITT AMI) ACGHjEHATKitiS 


& 


to that 


of 





j yt 

r/rr;^ 


t ' , 

Vi - 

whicb on tbo foioiLiar Lonotz troDofonatiotta. 


( 1 . 1 . 10 ) 


(1.1.It) 


M« cQw aoie ttaat ony qOAiiti'ty 


U 


hAB tho Bane muBorlcal valti* In tmy inferttal fraiie an«^ it thuB on iiivnfliiia,t* 
Thci quwt'ity tronipforBiii AOCcirdlDg to 

£!X^ = a ^ 

)1 V 

and iB the prototype foor-yBctori Its length ie tbe prototype inyeriaat^ 


Consider e partiele at rest in one fraue. Over any internal of tia# fir it* 
ApAtlal c^eordioAtes in thnt from Oo not change and m 

In Any otheF froHO Dovlng vitb velocity V olong the k oxob the partiele 
Bevee a fliatance in ilDO fi=t and ae 

At^ = - At® 

if = " it - (1.1.13) 

irttm at !• the pnpor tins iatenfolc tbo iiM InterFol eUpood in tbe cen¬ 
tra ol »i*» of tbt portlele. Ihi« ia the faaoua fonsiila for tloe dilation. 
Ti»e (afl iiaaaurod vith real otondard oLoeki) «lepaeB mr* qnitkljr ia the lobo- 
ratoiy frailiO than in the root frame of 0 high energy particle paeaiqg through 
tha lohoratory. 


The Bam reault con ha ohtBlneiS at onea from eq« (1^1.11) if we iiote tlwit the 
1 oDOfdinaie does not chotiao in the Feet rramCi The recipe la ^Ite ufuahi- 
tha paan life of a partlclo Kviiig with respect to nn ohaervor is 


gOoUBf 







mAxifmioH ANP hhjitivity 




gr-ehtAr than thv wan Ilf« of an identical particle at k'Snt wiib reject Ut 
th& qiiserrer 



If i* ^0 In i^hioli icane At in the- ppoper tine internal ^ 


Sappose tlut ftt tlMe hl£h esergy pnrtic^te panaefl tlireeig})[ a caim- 

ter at x'^-i=:0, fhe firing af the Dounter cnnEtitutea sn event. Later 
■Uie particle paeeea thraiigb a secand counter and deoaye in it, Tli* eimtlta- 

neoQfl firing af the aei;:ond counter ond th* decay of the particle coartitinte a 

aecond ovent. Ihii event alee occurs at it*m0 in the particle frane, btit 

at time t'. In the loboratary frese It accura at t , t* Than 


I - vt 


vt 


t 


f 


In tine t' the poisart x= 0 boa cipVBd back a dlatance in the particle 

raot frame* Ilie dintanca meaHUred iti the parti cl# rest frame batveen the tij>o 
cDuntors is thus 


* = Tt 


/1 — - * ^ 


THiP is the Lcro^ntiG coatractlaiit i^icb is hovwer not susceptihls tn Eaeaaure-^ 
nfint la the diraot vtay the time dllatioa is. 


Wa now da fine any i|bMjitity vith four eoi^aeatj vhicb are nixoil to|f ether 

undsr the Lorentjc trans format ions according ta 


V*; ^ B V 
U HV w 


(1,1.13) 


to be a foor-vector* 


Then 

V' V ' ^ a a V V ■ 
U U |ip tig p a 


V 

V 


usia|t et^i The length of any four-veatoT ia an invariant* If ve 

have tvo different four-vectors the anslague of the Baalar product of ti» 
ordinary vectors la 
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V' _ 

M 

and li alflD mi iiwarlsiit. 


= B a A B ^ A B 

\4.p UU P U V Si 


Thua ia apeeial rtlotiTity we eim flee at ^ncE tliat the quantities l^k ^ 
coiiBt'itute a four vfl'Cter, ilnoa 

k - X - ;iit 

Must he an iWarlaot. Thli tkt oace £l?ee us the relativlfltic 1>o|i|3l«r effect. 


¥e havt not deDon-ftrated tliet thu eqUBtiiina af elettromasnetleD are LorentK 
covariimt (we ahall da tliii in Cbap-ter ^ s for a equirentiniaal teeat&Mnt sea 
ref, [l]) hat we tnay define flaldsi which are four-ireotara fdiir- 

sealarp therefore intareiirted in the effeota of differentidl 

operatorB ao theae fieldfl^ Wa might axpart that tha four quoutitlea 

as 

luke np fl faur-vocter. ¥e say write 

as' es 


(1.1,14) 


y V 

To ernluBte the qoBntlty we need the inverse of 




(1.1.h) 


Multiply theae four equetioas by the appropriate ofld add t thla is 

represented hy 

a X' B e a x 

htp p tip tlV V 


and since 


a a, 

tiv pv 




(i.i.a) 


BUd 


Then 


M- 

as^ 

K 


“tlV * 

as 


( 1 . 1 . 10 ) 

( 1 . 1 . 10 ) 

( 1 , 1 .It) 


and the four qllalltities ilo indeed nake up a foor-v-ectar i an equotiaii 


of the form 

is thus Lcreutx eovarient. 


^ 1= V 


{1.1.IS) 


mAvnMjm aw ^attvtty 


& 


BinilnrLy w night iV /ai Iq H IwariaJit, Vrito 

\L ^ -M 




K 


av bx 


o m 


V \ « 

a*^ I yj MM aw' 

3v av 

y _V 

MM Vp 


P V 

• nd indeed haT® nn iirrarlREt^ An eqimtifia nf lo^« 

im Laments cdT&riantr 


k B 


(lAA^) 


(1.1.ao) 


Binilarlx it im aaaj t& abov that 


S h 

bx bt 

^ |A 


ia 0 pcuiLaT fi«L4 anS 


ia a toar-TVdtor fiaIA« Iha invafiant i>p«ratar 


a h 

bi Bx 


at** 


(1.1.31} 


ta th* lanaralljiatldi] nf th« LspiadiBn im e&LI«d ttad D'Alai^artiiu] opera- 
tor^ frac^aatly d«not«d hj Q ^ 


If aooapt that tha Bmoations pf doctrono^etifPL arc true far oil ahnarrara 
in inertial fmei «n<3 are LorStc covarioett then either vc unot diaear^i the 
principle of reletiTlty^ or the eqaBtiona of particla Becbanlci met alee he 
Lorentz doTarioat. Novton'e lows sre oororiant with re^e^t to the Cralllean 
trumfonuatiDa and auet therefore be mdiflcd li the principle of relativity 
ie to hold» 


Since the proper tijaa t elapeod in the reyt frame of a particle ie an lirviM 
.riant, the quantitie# dx^/dT (wlierc ore tha o-DardituitoB of that parti- 

ale in any iaer~tial frame) fajm & four—Taeior. If a particle ia novititi 

aloWlyi T—t nnfl the firet three eon^nenta become the Trelocltj^ Ve my 
therefore call thla quantity the foar-^Telocity. A iecond differ eat la t ion 
proTidas ua with a further foar-vaotor, the faur^coeleratiofi il^^/dT^- 

^bltlply the four-^relocity by an iwarlant quantity with the dinenaiono of 
maid and we obtain o four-^vector which fi called the fonr-mniDentuB] 
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P H II _ 

C3 dT 


(1*1.2S) 


Fbr «L 0 V netioii the: first threr conpnaeiits Buy lie identified vitb tbfc 
in NevtaDien 
1 pert idee 


in Nevtanien BeohimiCB, -wlLicii ii caneerved^ Slope p^ le e f^^iur—ve'^toT, for 


I-Pg. “ /L ®|jv ^ ^ 

t * i * i * 


(14,23) 


If tile fenr^BomeotiiB |p eonserred for any eleerrer m oil Inartiol fraaep it i* 
eeneerPBd for sll eucb obserFera* We Bay express in terns of tlie velo¬ 

city of the jMrtlde v in any fiiTen inertial frame 3 

dx dx. 


P a in 3“' 

c dx 


dT 


< 1 . 1 .*4) 


vhere = let end 


thua olitBiiiiDg 


d7 


F- 




& Y 
e~ 


Lf ve defipe 


i— then 




“a* 


1 - % 

O'* 


n Ic 

o 

1-4 


0 ^ 4^ in -** 


(14.25) 


(l/1.3i) 


in the lov veLeeity Limit. The inplloatioD of these eqnatloni Is that enerBy 
hes mil inertiel aoeo end cenrcreely ilut InortiaL bobs !■ a THnifeBtatian of 
eoergyf the tvq being linked by tho reiation E =r no^ * The analo^e of 
NebtciL'a lave id tlma 




(14,27) 


xbere F, Lm m fouT--foroe« 


The ioveriuit quantity ^ the prcp-^r naea* ia given by the oquar* of the 

f oil r-w Dent tiB 




dac dat , 

B- — y — y 

a dT dx 


- 

0 


nr 




2 S 
r r* 

0 


(1*1.2S) 

( 1 . 1 . 20 ) 


V« mny oote that alnce the aqynre of a four-vector ia an Invariant, only three 
of the ccnponente are independeot* In particular, if 
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cauftqTATioN xm HEiJitriviTT 


If fi^ose wlt« tfDfih 

Sfl 


% 

ST 


dt 


ftE 

wliBre T = ^ - 
— Ot 


-btiAt a B 1 tJ3«n £ ^ Bt oad 


dp dw dE 

dt dt ^ at ■ 

dv 

I -VV.F = E^ 


( 1 . 1 .») 


(md mo 


di 


J 1 - ^ 

V r V > 


(1.1.31) 


A pATtiel# ftipaaetl t* a cmnfltMit for^je in the Iqboratary qficelqrfitcfi lest nnd 
l«jis mm the ep^ed liuildB upp 


1^2 Sp*o^a4r reLAtLiy-i'ty and ftccelerftti&Ti* 

In BQEepting both, the prlntiple ef relativity and the Lerentx trftn&fijr- 
■wtiooe vhith vere finahrined -v^ithii] it by Ein^ein^ qur iidtiqii« ef the proper¬ 
ties ef «pqne and tima have bean ehanied^ Alon^i vith theae Qhmugmm go ehen^es 
In enr notiona of the properties of velocity^ aoeelorntlonr forcet ntesa^ mqiDca- 
tvm end eneri^y. fhrery experlaient In partiole phyoiee, condkicteil at energieq 
significently greatBr than tha rest mess en*rgJeB of the particles involved^ 
beers vitness to the opplieabilitj of the tdrentr troasfnrfflAtians to the love 
of mechfinles. Indeed particle physics tellp tie more. The tentatively 
constructed bypotheaes concerning the interactions el the denixeus of the 
nlcropcopic world are all written so as to be covarlotrt siaditr the Loreati 
trailsfonaaticnsj and aibody quontuB aechauica as well as special relatiTlty^ 

The full raiijse contains qaantnii olectrodyiuuaics (the movt proeleoly checked 
of aU physical theoriep)i the theory of the weak iateraclioDa re^nelMe for 
^-dacayi liuiuaerabls field theariea of £r«at€r or lesser phyelcal aigaificaaco, 
the S-^aatrlx desoriptlon of the strong iutermctioEia which held the ivuolens 
together and novadays the first steps towards theories of the iotemal stnic- 
turs of the strongly interact lug particles theDselvqs^ ^where ie there 

evidance that the Loroot^ tranafoT-mationa are not applicable■ even vhen dealing 
with particles wtaos# energies are hundreds of tlAos their rest mase (protons 
at the Fami National Accelerator lAboraicry ai fiataviai Illinois] qr tans of 
thousands of rsat ouiBaos (electrons fron the linear acosterator at Stanford, 
California). 
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The Iforentx trailsforaetiDiii link the co^rdlmteH of a fiven ereat a» fTom 

two diffareat inertial fraiMH of raferiinee. alrea^^ Oefinad ao Imrtial 

Jrnae of reference an ane in wbicih a t#at pertlcle vlth eauatinit velocl^ 

try naleflB BCfflil an hy a forcei If ee visii to be pictnreeiine we mpy opera- 
tionally OafiiiE mn inertlAl fraw* of reference aa one iji which It ie poaeihlo 
to play three ciBeiiBieiial billlBr^F# 

K fraae of Teference which le being Boceltraieil by rockete firing ia clearly 
oot en inBrtial frame. This han glTca GTLrrency to the orroneonB notion that 
apeolsl reletiirity la Incapohle of aiBcuHaing the law* of phynica experienced 
hy Bcceleratets oh»erv*rs^ This idea le wholly inoorraots vltbtn the poatu- 
latea nl ^eclal relativi ty wa hava an unaBhigoona re tip* for d|flcua»ing such 
observera^ The cmclal point ia that i^ace wifl thae intewala a# Beaanred 
by different Dbearverfl depend only oii relative velocity and not on aocelora- 
tloij. This iff built ia to the definttlBiia of fonr-veloolty aad foiir^ 

BCCalaration on which oavariant aquations of motldn involving BceolomtionB 
are oanatructod. Thua while acoeleration may break a given clcclc, tha rote 
at which tijia elapiee on a moviim particle dlfferp froa the rate at t^oh 
iBhoretory tijae elapaee by a factor depend 1 rig only on the velooity and not on 
the ac telerat ion* The epplloabillty of Larentx covarimit eqtiationB of sietion 

to phyaite already reveale thie* 

The Biaoonceptioii that special relativity ie helplesa in the face of floOeler*- 
tionB arltee mnat polgnflntly ia the io^called twin paradox. Caitor ia an 

aetroPBut ood viait# a eoitably diatoat mtaT^ eay Siring, afid. retumi. Hi a 
Joomey ia THflCfe at vary high copataat velocity^ apart from brief periods of 
acceleration, with respect to hi a brotlier Follijx who rewsioH at Starbaoa aone- 
vhere near flato^ Ve may Infer that an arrivir^ bofflc Coetor fioda hla ehrene- 
neter regiatara flooe 30 year a ieas elnpaod tiuie than the identical one in Space 
Control nnd that hl» brother ban aged name ^ yearn more than he* An alterna¬ 
tive icenario allow# Castor to aerelerata at a reaoQnahle rate, any 1g f for 
half hi a jjnnmey, turo hi# speoeoraft round and decelerate far the ramAining 
half* the rctmTo trip being accon^Ltabed in like Banner. The remilt ia eenen- 
tinlly the anno. 

rheaa reanlta are derived in the f el Lowing way. Ppllai usee the special 
relatlviatlc fonmila for time dilation, which depend# only on the relative 
velocity, to work out bow mch Bloirer Castor's proper time i# olapaii^. Be 
is In on inartial frame and knows that if special relativity is correct 
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Castor'fl cLodke are keeping tbe iritb re^vprect t€> an imtantfiiieeuHly 

cwnovini fraiD« nu tala would kaep if aubj«ct«iii tn Ceotor'it occslerDtlqu,, 44 
Eton friUB tho toitaoTLiig Be i^bh do experiaeiria ifitb ancli isloeks and 

fifldfl that for octalemtiobo tolerable to bnmana o properly cooitructed clock 
nteaBurea tine independently of iti arcolerotiOD (although of Ccurae flat indo- 
pondently of the Tcloeity) ^ Follu thue nfriTOS Ot bU imnialiiguanB nnnwer to 
the problen of rolotlvo ngeing. 

Caitor bovoror cannot directly apply tho forunlae of aped ini relatl'^lty be- 
CAQAC he hei baen aceoLorated ooor Home porta-of hia joumey - and he Roiovh 
it because in additloa to clocko be ia eqnlppod vltb acoeleramjetere^ Hieae 
accoleratidiia remnTe the pyimetry between the two obserrers thot would othor-r. 
wIbo predliictE b differentiai ageingbut they do not Affect the proper rate of 
the BCdelereted elacltp* Caator oah apply the formnlae of ipccial ralatiTity 
provided that bo take a account of the fact that during the penqdi nf nccelera- 
tion he ntnr dontinnoioBLy changing hia own Inatantanaoua inorilal franc. 

The twina could have worked out together the recipe for doing this before 
Castor ever left Btorbasa. The conitmction of such a rule book I. 2 J ia of 
couree depiodent on spnoe-tim* tranaforsiations of roLotivily (iniitantnneoualy) 
Dpt depending on Bcceleratioua t froia tba point of view of on ebnerner in bd 
inertial frAm addelarotion Bxay be interpreted bo the add alerated ayotenj liihailg- 
ing inertial fraatea and it mBy hm trBoked by a dontlmicnaly changing Lorentas 
tranafermtion^ This Interpretation la iapLiclt in the dasoription of the 
physic a of Eystens involving aoceleretione ia teru of Lorontx eoTariont «qun- 
tiona of notion 1 a deaorlption which ia euoeesafuL both at very high velocity 
and at enoiwue acooleratlon^ The reletlviatic definitlniis of energy and 
■Dineniua (1.1,22) hold at enonaouB acd*LdrBtiDn ; the Inplication ia that the 
ralatlviatic definltionii of apace-tlne ictervala alaa bold Bt ananDotia Adoel- 
aratlonp 


It is instructive to wrk out the aocelerations involvad ia quite ordinary 
physical vystoBS which are well understood in tenas of Bpecial relativity. 


(1] Atciaic and nuclear struEtnre 

(a) In a by^hpgen ntcuB the rate cl rhongo of velocity ^ of on electraa is 


yi_sL VI 

r » iv* * 

e 

Oq putting in ninber* thin soeelirstiDn la found to be ^10““ cm o”®. 


(Jlie 
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v«loQity of the 0 i*ot.roa Jl* “ 2 JC xan • ^ aJul th* orbital period Iff 

- icr^^ ■;) 

Tht prfl-ci^e teirLtf qium^buji el 4 otrQA]FTuiairLc£ tint- lor tih^ byi!iro£e£t atam 

^ialA AflToeaont thtiory and neavurement at a Iwal of around 5 pitrLa in 

10^ for the Un* ^Ift oml 5 parti in H3“ for li^porfina splitting [3]. 

(b) tlider tliB boadiD^ of alectroP^ in qtaair wc may include o Inrthirr ilfoctr 
tbo Thofuo proCBiBlcn of electron apin. An «I«ctroD weaving throu^b th* cloc- 
troitatic field of an atonic nnolonp eiporiMicas tn it* inotantantioui roit 
frame o naguetio field vbicb interaptn irlUli tb# magnetic Howpat of the oLec- 
iron and caiiaea a in-aeoeilon of the epin, Tbe preeeiaion freqneiio^ colcu^ 
lated in the coi^^ijag fren* is twice tjiot obaerred In the Inhorator^, The 
reaaoD io the eiiMtenoa of a tenn (Sna entirely to -apeciel reletlrlty and not 
due to any partlculBr interactldfi, the 'ntonaa preceaaioiii In the aaml- 
olaaalcal calculation of the electroD apin precooflionk the torque niid the 
precBBaian rate are eTBlnntad in the inatBotBaeona reet fra™ of tbo electronn 
The inBtBfltBiioous rest franc ia hi^weTor preoeaaitig with rcppect to the lahora^ 
tory irame in which the miclede ie at reat, hy an arnuunt that can he vcalciila. 
ted atraightforwardly fro* apecijil relatiTity [4L The eTaluation of tbo 
proceoaion rote in the ioBtantaneoualy conoTiiag laeriial frame of the olectron, 
pluo the trannfoiSnatioD hack to the laboratory neing the Lorenti. tranaforniB- 
iona glv«e th« right onewer for the net precasalon obaorved in the laboratory, 
and Doreorerf as it enietf agreed With th« answer obtained from the Pirac equo- 
tluti [b] in wbieb the LoteractioEi of a npin ^ particle with an olcGtromagiietio 
field ia written ift bh en^licltly Lorentz ooTarlant way- The aeoeleration ao 
obspired in th# laboratory ii again lO” cm 

|e) Nueloona in a iMoleye. 

Nuclffans^ip a mcleuff a« oanfldiid irtth ~ 10“^® «!» by tha atne^j inrtamatloiiB. 

fbair mamcntiiiB io gireo by the uncertainty prinalpie 



00 their iffiloclty la ^ 115^* cia Thu oocelaratlQii they oaperience la thus 

^ ID^* erne*®* Bound syoteiaK provide very Verge Bcoelerationa ovir large tiioe 
ocalesa 

(2} Colliaiop nbenoiaeaB 

ia) Id alaatic eoattoriog through tbo atroiig interaction* a particle noving 
with velocity ^ o can aiperiente a ehango of velocity of tangnitud* "*c due 
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tp vith a r-ong# pf Iftifl th&n 10"^^ cffl . Th» d€C«lRrfiti«n e^^ierieneed 

tp tljn^ 

TpsiB of qiiBbtiBB ftlcpirDA^UfiUileib wilh CiPllidins af vlfrctronA pf iunpr^ 

seTcral GflV ahpv tm br^ak^vn at DmaiPPtuB trafisfars tiorreBpaOding to (liPtiaOCP-B 
«« 1 ^- 1 * ^ ^ bencc apcelcTatiaPB (for DQ^ ■chattering) 10^^ ^m a™^ ftli- 

(b) lEi the breBaatTahlnilg pmceaP aP electroll radiates a pllotan aa the 
rBKjIt of arc^lerwtipn in the fi^ld pf pn atoBiie B&cleua, The change tn 
▼olocjty in puch a proeeao Ip '^n far an Plectran energy E, earreopanh- 

ing to fl ^npge of nffpentim m^e * Tbtfl takes a tlma ^ “ where r ip 
thft distance of clooeot approach and 

^ it 
r 

Ze^ 

«* -- ^ 

e' it 

Sc that ^ 

At {i.a.3) 

m 0^ 
e 

vhich for Z = I ia gsca and for SS = lOO is ^ icr®^ s^^s . For 

eleotmOE cf energy 1 tleV , i¥ lO" CB s"^ and tht laean acccleratlcTi If (only) 
10 *^ urn p-^ , 

Chill flan pbenoncitfl provide very high anceleraticon hut enly fer vary ehart 
periods. 

(^) Partiole agceleratora 

The acceleration# we encounter here are leoe iD^reoaive^ hut are of interest 
■ince If onr LorentK covarinnt lefvp of phypico hrolce devn at high accelera¬ 
tions uur sccelaratora would not wzic* Tbo fact that they da work however 1# 
no preci iC veriftcatlcc of l^rentz covoriuni physio a becanse acoel era tors ore 
tuned to work and bre^down of Lorentz covariant phyaiCf belov the 1^ level 
would probably be tuned out. A few exanplea will suffice : 

(a) Proton a ac cel erst ad in the preten EynchrOtroils at QEB^f or Brockhaven 
roach an energy ■^dQ GeV ^ tlsics their rest bobs energy) in ^1 ■ . S^inee 
the end velocity is c the aeon acceleration is ^3 X ctti and aince 
the particles aotnally eiperimcs the accelerating electric fields^ f^ir ^ 
of the aoceleratiqn Cyol*^ the peak aocaleraticna are ^10 an. The pro— 

toaa move in circular orbits C-Dnstrained by magnetic fields bqC of rsdinB 
'^ 10*020 SO pt full energy the soceleratiod nonafl to the potion is ^l^'^cBs"^, 
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(h) ELectrcpiie accslcrate^ ia tht ^te^ford UtkaiLT aco«l®rBtor surf rid* the 
electric fivldj of waves trsFsiliag in a waveguide* The waveguide is losded 
In euflh a vsy that Ui* velocity ef the travelling elBotric flteld always ■sicbes 
the velaeity el the accelerated slcctrcia, oh calculated frais the e^imti’aaa af 
EpscisI relativity (U*130), The aocelereLor workst eltctreaa ejaerging after 
tvQ Miles in the iahoratoty have an energy ol 4 X 10'*' tiMes the reat mafia 
energy and a vslscity ecjtidl te e within qua part in 10®, The velaclty hos 

heel] estpliclily chechtd at the level of a few parts in 10 ^ 

In vUfc of theae sncceeaaB ef BpeciHl relativity Ip Oeecrihihg physios at 
ensrinpua ACceleret-iouB we iisy ccnfUtently predict that an accelerated clock 
runs Blow with respect tn nil unaccslerated clock by on amnujit given by equa¬ 
tion This affect haa heen diroctly measured with the CEBK mon 

atorage ring. 

The ampin i* a partiole of mnaft tOB,T HaV/c^ (20fi-8 electrqu nmsaes) which 
appears to hehav# In all respeete like a heavy electron. In particylar the 
olsotrciieiBgDetic interactions qf the swon follow quantum elEctrodyiuiiaioa dawn 
to the smallest diatonees M far preb&d experlmentpliy 10"^* cm), and at 
this level it l« still behaving like the point Eharge of q ED^ fiecauae the 
mion is inore massive ibiui the elsctroDf it Bwy decoy through the weak Lntar- 
octians into on elsctron and two neotrlnoi ond it has o proper lifetimB 
T = 2+2 K Itr® p * The rate of decay of a point-likc particle would appoor ta 
providt ati ideal clack: within onr koowlecage of the weak interactions thera 
are no Internal wrklngB to be affeotod hy acceleration ond a paint-like parti¬ 
cle can be rtas-^gned (insiontaneonsly) a singla c-onovlng inertial frame. (This 
la not the cose for an exiondad systwi; see Chapter 9.) 

Iii the C£llhi g-2 03 ^orlnent muons wore injected into a ring of hm OiamBter 
and censtrainsd to approximately circular arhlta by s magnetic field of just 
over IT kg. The abject of the oxperinusnt was □ preoislon measurijsitojit of the 
magnetic moment of the muon hut the tifitima of the orbiting muons was a 
highly interesting byproduct [s] * The muBontuii of the atared muona was 
1.27 GaV/c , their energy =“12 reet masBos, If the rate at which time elap¬ 
ses in the accelerated uuan rcit frame ta indaad iDdcpendaDt of the accelora- 
tiadt the lifetime obeerved in the laboratory almnld be 



26 ^oc instead of 2.2 L^ic . 
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Thfr budub were tracired aver 15G yaec^ inore tlmn 10° rrvQ-itit.iQSd, Th^ 

lifetiH nea«vtr«d tn the laharDtoir was f&ynd to he a&.37 ± 0,D6 to 

eoanpered vltli the enlculated v^Iqe of ^.09 |jset. The dlFrrepeqiry ngreed 
witli the eelikioieti effects of nuon losace ijQ the eonree of the orbiting. 

Th* labnrBtqry aeceler&tion of ilie enioeie wde ~4 X 10^® cn*”^^ Thli work 
tbue provided the e^qieriaentAl coup de grace to the inte;m.|nohl* tvin pare- 
doi (which in dead but vm*t 11# Elawti)« 

Loreatz cQvoriant low# of phyaici Work beaii Li full y oot only at veloclMoe 
which are wlthfn qne part in of llml ol light, hut also At acrel eration# 

in excea# of lp^° m Hassii tnorgy, [niueziiuiQ and yelocfty ar# all 

(inatantanraufily) aoc«L«rotion Itldepetidout* Electric; nod paretic fields act 
on on aee«lernttng partial# according tu preBcription and we hove dJract 
experiiaental evidence thAt the rate at which proper tine elapses Is accelera¬ 
tion iqdepeodeiit. 

I'hQo If we wnnt in work out the phyaico of an a c note rated lahoratory-i oa soon 
hy ap obaarvar in Litat laboratary^ all we have to do la to wnrk out the 
physic* t» s given Loertiai frame and tlten trapsforni to the inetantaneanaly 
cocwvJng fraiQd to find vhat our accelerated nhsarvar will Jnntaiftaiteowaly see. 
This of CQUrae is exactly what 1« dope to d| leoe# the phyaica of accelerateCl 
laborato-rten within the francwtirk of Novtanian f^ysics nnd loadn to the 
Iniroduciiqti of centrifugal and corlolii fare##. V# bcttai however uae horvntK 
covariant physical laws and tb# IjorentE trauaforiiiatiana, at least If wo are 
■iudytng any pbenomeTia involving high velooltins^ Ve nnet also recgpilse 
that Ld adhitioti to the contiguous transition between camoTiDg franes thot 
nccura in acceleratioui for extended »ystr«H# different part a Dsy be in differ¬ 
ent CDKoving fr^msE, It is the fitting togetbar of all thesa different eot&ov- 
ing frsuwa as a ftmctlati of space and time coordlnates that canaCltutsa the 
generalisation of special relativity into general rolatlTlty. But general 
relativity alsq enbodles a theory of gravity- ¥e have not nentionad gravity 
At all yet, bccauae we have not #o for attOH^tod to Write down ho rent r COVa- 
riant laws of gravitation, 

1*3 Aooaleration end aravity 

Fhyaical theorise embedded in epaeial relativity corrOQ-tiy dascrlbs 
phyeicftl myshems isfven at enormoDH acral oral ion a, provided on* ia Careful to 
view ihosc ayatems from eui inartiq! frniiu of referenoo, in which aocclaroinetere 
rend ueroi and thrse difflonsiannl bill Lords oan be played, A phyaiciwt is an 
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^aarlarn-tu^ labornt^ry kmvw be in bei-njs accelerated, becfiuat lilai accelera- 
Detera da act read s^ero and Le Qamioi play three djjEienai.aUi]l hilllardts. H# 
caciicit use -Lh# Lareoiat iraiiefiiimistJiiaj vi±|]&ijt mipplenaeiitiiig Ihmi wl tli rule a 
for takini aciepiiJit ol blft £d¥!tliruausly chanfiiif inertial rramfl. 

Suppaee believer this physiciat. la aoceleraticijjE its a itrcrita11 onn 1 ftelll, miClar 
free fdll^ £l0 ecceleromatBre read zera and he can piny three diDiaiiaiciia.1 
billiarda. Gravity haa a ainipilar property — or at least c preperty that 
fleeMB Hiogalar to c physiol at mostly hroni^t up on the phyiioe of eleotrooiag- 
netisa and atructurea held together by aleoiroitHiipidiic lorcofl^ EHrerything i v 
accekeratad in a Bravitatlonal field at the MBMs retcp aud ecuaequeutly in a 
Hmoil laboratory ia fro* fall there io no interaal way of det€OtlVlg the OCOPl^ 
erntlon. Thia ia nav a BUitter of eopman eap*^i*nfi^^ at leaat Been ttxrougb 
the flairif glesa of the lolerision scroen. tlonveraely, a phyHicist in a Idbore-- 
tary vitli ttn noceterometer (for esumple, e imaa oo a apring) reading Ig baa 
Ho iiiftomal way of telllnif nhethor his lahoretory is at rest on the aurfaoe of 
the earth or hetng blaated (hy aileut and vibration free engines) beyntid tbe 
orbit af Jupiiar* Gravity thna baa a singular llnb with aoceleriitiDa ond 
inertia — or perbapa we should put tt the other wey around add say that aoeel- 
eration add Inertlfi are intiBotely linked with gravitation, 

These siatenenta are baaed on Newton's lavs^ appropriate to low velocity 
phenoaieda, and the Eb'tvb^s-Dicke oiqieriBeTits which Uwtb fa Usd in dotact any 
differential gravitotlodJil acceleration of different object^, at an aoturnfiy 
« part in 10^- lO^ ( see Chapter (The exp-erlences of BBtranautB, 

though etinuLstiog, do not conatltnte eny very prneiso tost of thia statement.) 
Since ve are concerned with gravitatioa and relativity, we should investigato 
whetber thli principle of oquivaience will hold for high velcoitiea too. The- 
highest velocity availeble la Q , 90 wo examine the eff&cta of both gravity 
and acceldratiaiifl, of the hlpd praikiced by rockets, on. lights 

Wo will consider first on accolerBLiing rocket^ in ^ith tbs aocslaratioii a is 
Opt too different from g ^ J^t tp keop things aii^ple. Ihere are two problefts 
we will work out to first order In. the acoeloratiDn: the frequency shift of 
light dde to accolcratian and the departure of light ftoffli r-eoiilineiir propageT. 
tion^ 

Light io emitted from e eourcs in tha nose of the rochet at time is O, as 
D«asured in the frame comoving with the nose at this instant* It hsada 
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the tail *f the j, 
rocket iftib fLomtant volocity 
e ill. thim lanc frue. Bfr- 

^u^e th e r&ctet ia ac eel ere- 
tingf in time t it picks up 
a waloelty vftli reap^cit tn 
thiff oriffiiial frane af at ^ p 
and travala a diatioitiB 
J “ tfaeae ^vewtuaiEiEi ei^ 
preaaiana are eitiite sdeqaate 


4zr 



for the lp%f changes &f Tela- Fig- 1,3.1 

aity ixrtrolTed, If the dietenee kctveci] th# iiAtrce and FecelTerla h, ibe 
time taken ta tnmraa ibla di^taace at vaLatlty t i» ^ baacc th* 

yelaclty cf the reoelvak' kith reapect to the friuee in lAi^h the witter we 
fnatantaaeaualy at rest ia approximately ^ at the InetAnt the light la 
received {aee Flf. 1 , 3 , 1 ), Hle freqniiiicy af the light Id the tawviug recei¬ 
ver frame ia thua Dappler rialfted on receptlDn at the tail of the meket by an 
ttSKlUDt 


V 



(1*3.1) 


Corrertioaa Aio to the’ path travelled in the emiBalon frauM haiiig alightlj 
leas than h ^ Lorentz contraction and ttKe dilation are all aBOond order in 
ennll i|uaiititiep» If the ancelevBtion a la g and h in 10n , then 

In n ijuiintuLii pictnre the s&qie reenlt of course obtains because the tTon*for»a- 
tioDS fnr eunrgy and fre^eney are tho sonn: both onergr and freq[neiicy irsna^ 
fnrrn nn the fourth ccmpcnent of a four-^vector. 


Xezt cnnsldEr 4 hem cf light eaitted at right anilsi tn the Bcceleretlon in 
the nppmprinte inniantnceona ooDoving fraoe. In this frame it travnln in m 
straight line vlth Velocity 0 , covering n distimc* ^ til in time At. 

mi 

In thie time hwever the mdcet hsf ndvanoed n diatanoe 

Ay = - fl.3,3) 

If the light iv to page through n set of hnlos in the rocket irtructure nt 
variqna AVr boles ■nst not lie od s ntrai^t line hat rop'QSS tovards 
the tail of the rocket along the parahols (see Fig* 1«3*2) 
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Tbfi ligare llluAtrateB tbe 
pfli^n^Ilc trajeotory ol s pls^ton in 
the HSO€leratiiig fraiw pf r^ferenta^ 
corrc-iip^ding to a linear trajacioify 
In B specified loBrtinl fringe 


The angle the light has 
hecD deflected tkrougji (as 
seen hy the physicisi io 
io the apse# TshicLe) ig 
then 


Mi 


iltAE 



(1.3.4) 


¥e tan apparently say that 
If the principle of aqui- 
TTslanee applies to lights 
of velocity c » than ia a 
gravitational field g 
electronfignetic vorves -are 
ahifted in frequency in 
fallim n distance h hy 

V 


and light im dieflected threngh an angle 


ha 



hi 


(1.3.6) 


in travelling * distBPCe ix et right angles to the gravit4itionBl sccel oration« 


We may Hov sec how this tie a np vlth on alternative approacJi in which w# dlTeot— 
ly coaaidar light in a grsvlintlonol field, We need the principls of B«|uiva- 
lenc* in a slightly different form this tlMe, In special relativity the Iner¬ 
tial lUBSfl of a systea (a particle^ atoBt liftht pulao or whatover you like) is 
ei|nnl to It* total energy content dividofl hy 0®^ A light pnloo of energy E 

thus has inertial Busa and if we are right in thlrriclng that it is Indeed 

c 

always the inertial pasa that governs the gruvltationul isterartfnn^ thea tbe 
grsvitational energy of a light pulse In a grovitatlonnl potential tp will be 

(p, snU it will exparlence en accel erstlon ^ * 


The oumantuBL picked up eidovays In trave-lllng a distance hi at rii^t anglte 
to the field is thus 

ip.4i‘p-v 

E 

and since the DiOBentii0 is the sugls of dtflection is 
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C 0 

vbicb Agrees iritb the result VA hy a rocicet wJtli projMr 

AcetLerDtiou g fron an InartiAL frs£i#. 


V« can bIeu gat an onavar for tbe gravltstiia-iiAl frequeDcy abift* An atoB at 
r«At bsA interuBl Adergy E ond in n gravitAt lonaL ppotential tp tbie bocDBOs 

E^l + J * liare eoneerFotion of energy nad bo for a tTHnaitloii betweao 
tvd iavalRf jiflparnted by in the oliaGnue of a poteftt-lAl| tbe pbotaq -onergy 
la hE 'Hie differEnoA In anorgy b#iweQ a plmton eaiitted nt a }kdtoi^ 

tlal tp^ n&d a photaa fitted at is 










vhioh ogress vitli Doppler atalft orguuenta for bd Beselerating rockot. It 

lA ii^Kirtant to note that tbe mrguneat we bove Just conptracted depeniAs on 

0DD0Si!Votian of energy anil the veight of bindiug energy ^ being equal to 
E 

g —j: that le, binding energy hehovoo inertiallj saa gr«¥-itatfonally like 
fl 

(negatiTs) nasa. We abali exaslao the boot e^riaenn# for this (the Eutvse- 
Dioke EtperiwntB) la Chapter 3. 


HeastjrBKiata of thejiraTlt^tloiml fronoencff ■hift 
The gravitational aeflsstinn of llghi boa not b«e» abssrved in tbe laboratoryt 
but tbe grAvitationAl IrsquEncy bhift hao heua verifleil to the lorel qsiqg 

tbo Hbesbauer effect [b]* 14»4 iKflV photons frofc (t s tu~'* aec) were 

employea, goitig botb op and down o path of at Harvard, Tbs fraotlonal 

dlfferoncfe Ln fraqaEn{;y between photon■ going up {rod shift) and photons coisLiig 
down (bine abift) fa thus 4,90b 7^ iCT’^^i dotaoted ty aobieving rsaonsnee Tin 
the Doppler effort: tbo noiiros etuel ssive at a velnnity of 7 x 1<X^ m e~^ to 
re-sstabli«b reuiuinco. Tbs difficuity of the ejqierinent In brought out by 
doting that the fraotipnal line widthi for reooiILea« isiaisnioiif is •^10’'^. 

The neafliurojHDt was m fact made by Investigating the dlffsrenes In apynaetry 
of the rsBenniioe Line net a function of velooity fqr red and bins sMfted pbn- 
tune. The rsault obtained was D.9990 ± 0,.007e of iiie crpsnted effoci, the 
error bsing pursly vtatlAttcalf with an additional posslbl# uncartainty of 
^ 0.01 1 being thA linear mm of ail contributiqg systeBdtio orrora. The con— 
cldsion IP that the gravitational fraqaAocy abift (1,3.9) la Vsrlfiad at the 
W lEVsl [ip] . 
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grtfrltatioUBl redflliift aaflersd by a phatan In cllnbing up o 22.Bu tover 
ii only !S.B X Lorger re^Uiblfts are nvniliiblo asrtroiajoiiLkMlly^ A pbo^ 

ton ORcnping froai the min will havo Ita firOqUAntiy I'ofletiifted by an aBount 

H 2 X 10"** wklLe D pbot^^n enPApiiifi frtmi □ white ihf&Tf of moBH ftfiiJ 

rediui ^10*^km vatild be re<Sifh1fted by ^ 1 ,l 5 X Obaervatlaiie of the 

eel nr gravel to ti bull rodgbift nre in acoord vltb expectation end hove reeclie<3 
e prooi^ion ^ fijit til]* A c-omparleon of Boavured and expoctod redehift for 
^|te ^arfa rbc]Ulro« In addition ta men^mmunt likovle%e el the BAfiS ind 
radloB of the Btar! there im agreeaitiat but the preciaLou Ib oJ!ily*“lB5t [12]|, 
The terrestrial MuBahener experinent io thue by lox the emit precis pnenHure- 
aent of groTitatiotkiil frequency okift^ the oBtronomioal meoBiarceienta oheEikiiig 
sure omdely th* first order prodictioii for Btronger fleldE^ 


1. & jruvitflt iopjl deflection of light 

WElle the greTitationbl fieflfletion of light hna not been weaenreii in the lobo- 


ritory^ the deflection of light by the Sun wee fiT*t neBBured in 1019 and 
eonetltutee one-of the great teat a of Einateia'a thenry of graTitji geneTal 
relotiwlty^ Ve hove already parked out the angle Ught ie deflected ia going 



Fign 1,5,1 The tronareriie baaontuni aoqnired by a photon 
in pOBBing the Sun i« baloiilDtcd by integrptiiig the cobi- 
ponent of gravitntiqQjil force at right amlee to the 
approxlBately linear trajectory 


B Bfflall distance Ax through b locaHy constant gravitational fields let ue 
UBB thlfl reault to caleuloto the deflection of light by the Suii. Because the 
deflection is very jdbbII w* do not need to CBleuIote the orbit but j^at calcu¬ 
late the change of mnsentui] by integratiiif tb* cnraal eoieponeat qf th# force 
along 0 stroighi line [Fig« 1,5,1), 


dt 


E 

^ r 




RO 


dt 



r-n 

— dt 


r 



(1,5,2) 
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eauviTmt»^ im bulatiytty 


90 


et(i)) 


P 


«a 

■“= J 4*i 


<bt 


(J.s*a) 


The i^ti b« dif^ctl^ ojr by u^ine OaisdA’ tbfr&fMT fcvv It 

rAprflMfitfl ioiiltipLi«d hy tlt« cuanul flu put an iafinitoljp lang 

cylinder of mdiue b . Thu a 

2Q Hp. 

a(b) * (1*5.4) 


and 


bc^ 

V' 

for tight graaiLQK tbe limb df the Sun. 

In til id derivdtiuD wt bar a uied ifae r«latiYiAtl« relation between energy and 

E 

jumienttdti for a phcton (or lig^t |iulde)« sat the force M|uel to-oulpe 

c 

the relatiirlatlc relation betireen eiLer£y and inortial me an, and equated the 
forea to tfae rate oT tbabne qf bottenlLiia. Freolaely tko aoiQe answer la qb^ 
teinad by aBaming that ligbt ifl not observed to be d«fleoiad mm it pasots 
acrese a bo¥ freely falling in a gravitatiqnal field and conalruetiiig' the path 
by fitting togather atich freely falling boxes^ far anth boxea ar# aba erred ta 
be accelerating at o rete 

d^y i ' H 

OB seen fr&n dutaide the eolar syit^ and henta* bb Been fran ontaida the 
solar syatei] the light beam haa an equation of noticn 





H - H 

(i.a.o) 

The angle of defleotien Is 

ds c 4 

(1.6.7) 

Bq atb) = onoe nare. 

Putting in nu&ibers, ^ IfX^^ gm « ^ cm | 

G=«.6TXlfr-* 

qgfl iinitB 

otBg) e: 4.345 n lor* ffiifl 



s 0.8TB" . 



EbcperiBental obeervatincia ore all caosistent with a voluo 

a(B^) 1^ l.Tfl" 

the value rbicb aliooeri eraryaae knows la predicted by Einstein's theory of 
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as 


ttLTOD^b the r«lAtloii 


4GM 



iriiicli ie JUAl tvlfiff NwtQal^ mlue we have &Al€TilHted, 


tt.Q.S) 


Exp>»ri■wn'tB11 y been iu**£ured lo two wByn l: 

(1) By pbiitD|[niphiDig tbl fitsr fjeH luvUtld tb« Airing D taiHl 

anfi meflAULritig th« di^lAcein«at <if star lidiigeB to thone nn pltties 

fjfciriin wbea the eiUAB Btarj appear in the night iky (ni m renoV'e at matbB)^ 
Tba reniltw ha¥e n spread on af l,a” ^2.7*^ and nay be taken ab 

oonBiKtetit with to within an eiror --KSjt [la], The problems orej 

(a) obBervetinnA ar* limited to di> 21^) hoeanefl oJ glare froia tho corona, 
(il) total eolipaes de not uon&lly eaBhadnw abaorvatoriea with big t^leeoopes: 
the dififraotion imge nine for a ID cai iti,Bti*t±iiiont Lo Q X 10 ^ pftd,i (ill) It 
is tiecesfiary to con^ar’C aoparate plates taken and developed- indtipendlojitlyf nt 
on interral of som mqniha^ 

(^} Long bnae lino interferonfitry bus been noed to deteraiaa ttai ohonge Ln 
the apparent position in the sky of tho e|uesl-«stellar radio source ^C27S 
during itP BhittLal acoultation by the Sun. Tho relotiTO phase of the Blghnln 
receiv-B-d by two radio telescope a ia Bohitorad and c ont ihniiJLly casipar-od vith the 
relative phnss of the signals received froa the ^uflaar 3C 273 which Is net 
occulted and is 9^8*^ nway from 3 C 279 , The wBvelEngths tued lie in the 

range and most- bsselinas in the rnega Tb-e roliitivo phase 

2**^ d 

change for a basellno d is ■v a so « shift in phass of one radian corroa- 
p^odg to aE^d radiation and a 20 Idb baselihe is 

radlsDs^ Moat tiiea&ureBentg have been rssirictod to voluaa ef the is^act pars- 
mater becaust of refraction ihjQ to free electrons in the aolsr corona, 

Because the refrootive index of the solar corona Is frequency dependent and 
the expected deflection of radio wavos by gravity is not, slnltaueoue wurk at 
two or mtr* different frequencisa allow a imller iMpact paraffl&ters to be need. 
While tb# uae of baselmeE of thuueandg of kiloBstres abonld eventually permit 
the datermiimtiDii of tp very usicb better than Early results vers 

oonaiatent with = 1.7&^^ with arrors * lOjt [ISL 

The BUHt recent onalysiH of tbs occultaticn of 3 C 270 has yielded (i = (04 00 ± 
C,03) I obtained with an interferometer bnaeliDe of S4Skjn 11141- 
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(]^\1TATTC1N AMD HELATIVITY 


IKiaL frvquiiicy icitdrferotai^tfy b»« Y^ry r^ccartly b«en Applied to Qb-taid tbe 
BdBt reanit t« dflt? iDHtead of the i|uaBBr 3C3T9 | 

tlLre« bLbosI^ cci-liiieer radio notjireeA ware UAtd, Q-llg + li, 011$ 4 ^ And 
0111 + 02» Tbe ocpilted lource vot OllQ # 06 and tbe ooter tvop lying reo^ 
pec^iwpl.y ^4^ apd 0^ ovoy on opposit# Bides pf tbe apperant patli of the 
were abierr-ed to tLinioBt# Loaol trnnsiedt effecta, Ilia baialine vsb 35kia 
and tbe daflactioD. fdliiad to faa 

a» (1.01& ± O.DH) _ 

The obearvations of the daflaction of eL#ctrddiiBgnoti& radiation ih tba fraTl- 
tatianal field of the Son oro tbufl beautifully Id accord willi the pr^di-ctiong 
of EiaatalnVi theory^ mode "'flO years ago, ood totally iPcoPAiateat with, the 
value calculated by augUHnting NevioniAii gravity vith maaB-energy Equivalence* 
In KioBt of OUT gubaequent woric ve ahall uBauue that the deflection of l^gbt ii 
twice the HEwtoniui value. 


1 ^6 Aa gpparaiit pairadoA 

¥e havft arrived at a ajtuatiop in which onr «li^le calculAtioiiB are mit only 
At Variance with obsErvatiou but lead to apparently paradaxical oonoluBiodB. 

We have calculated both the gravitAtional redehlft and the deflactian af Light 
by the Sun in two different vayA ^ by using Nevtcniaxi gravity augfiietited by 
masa-anergy eqaiimiloacB gud by using the equivalence of effect of a gravita- 
tlanal field and ap acoeleration* Both aethoda agrees for each pbenomeiioii, 
but while wp get an anower in accord witb experiment for the firat of fact, 
redahifi, we atc wrong by a factor af two for the gravitational deflect Iop of 
lightp The observvd value for the daflactiDp af light saggegtg that while no 
gravitational redf^ift la observed in a box in free fall^ light will bo enrved 
by an a^emit depending on tb* Lucnl grovitatianal field, violating the princi¬ 
ple of equivalence* Everyone hna baen told howBVer that general relativity 
in founded on the principle af equrvaienee and yields both 




and 



etatments we have found to be apparently mcoopotibliip 


¥e Can see a pogeible way out of the puradojc presented by our ufling Newtonlaji 
gravitation to eoRg»ute mccesefully the energy change of a |i(hnc«n in a gravi¬ 
tational field and uneucceeAfuLly to coopute the deflection in tbe salar gravi¬ 
tational fields The cooqianenl of force we integrated to give the daflatiien 
of the photon vai at right angle# to the uptiou. If gravity provldoa on 
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ndditiotial forca dlvayn at righrt miglfra to Uli^ potion vblcii ie a^ual to tba 
SwtoEiiBn faroo lor | anfl cagligifalo foiT Tf -IC c then tbo rosult ia 

le^lioablo faooausfr a at right aoglos to the mptiau i$o^b hd work amd 

beci'ce oatmot ohanga the ^ergy« Th« itntiDii of s ohargetl partial# id o utiefie- 

tio fie^ld pra'tridoo an ex«]^lef and taaguotiaiiL £■ o relotiiflotio i^floct of 
alectrio fialdlE. ¥cr shall tberaftire OODFCb for SODO sort of gravi latioDdl 
mialogoe of nmipistiM] and leffr-e the apparOdi Tloliition of the prldoiplo of 
n^uiTaleaeo nloui], for tbs time beings Ve obBll oinbark m. this seaxcb in 
Chapter 4| after exoaiaing the evideuce for the Ot^ulvalence of inartiiil oDil 
gravitatioiul meeg in Quiptar 2 and etudjiziji the ralatlon botweep electro- 
tangootlso ana rsldtiTlt^^ in Cbaptor 3* 
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CHAFI ER 2 


THE EOTVOS^DICKE EXPERIMENTS 


2*1 GfWitattCTMil pubj 

bttv« s& far as 49 Uffiing tlmt Una aDitr«4 nf grairitAlioiMl Inter¬ 

action Lb the inartial bobh cf a lyates: befnre we iiroceefl further we Buot 
exonlu-e the evidence for thin, fqr it ia posHitil* that the grovitatloiMl Baao 


and the inertial suiea - - 
Newtonian lew of gravity aa 


M. are not the siiaep Hme ve ahonld wite the 






and equate ouch a force to wher# a ie the re salting aooeieration, 

cquaiioti of Bwtion of a alible pedOuIub would then be written 


The 




BOd ita angular frequency 


dt^ 


m ^ 




[2.1,3) 


Si 

M. t 

1 


tf 


t vitb 


Y * oiilveraal oonateJit, then V id eet equal to 1 In 


the defiuitiofl of U 


If w# define G by the relation 
„ - "iS 


(2,1,3) 


th«ii 11 y Twiefl with pDiition ia with tljie, or Iron Mstei-iol to 

maleriol, thia wald appear operationalljr ae a Twlatioa of G , asamiei) la 
Ncvtoaiaa thaor; ta b# a unlTaraal coDaiant. If Y ia flifleriiit far flifler- 
ant matariala, then tho pariDd cf B peafclaM will depeod oa the uattrial of 
the hob, __^ 


2,2 The EotvoB-Dletee experjjagnta 

ExperiB«ita to teat tho uniTeriwlity of Y therefor# aearcb fur a 
difJerenoo in tha aoceleratian of two* different nh^ects falLih£ in the ionK 
frevltatloQul field- greatemi praciiiou hoa been achieved in tho null 

czperiaosta firat cerriad uut hy Bfiftvffl at the beginning of the century and in 
the early 1980'# by l>ioke and hi# ochcola The Oieke iDoteed for a 

differential accelerution betwean two different object# falling in the gravita¬ 
tional field of the Suna The princifileo are eaeily underatcod^ Conalder an 
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G£iAVITA!ritlK AMS nHLMlVm 


jdpfll ^Artb wiili iid fviAtiqiiflJ. at 90*^ tfr the orbitbil plouq, Dii tlie 

qqiiatqjf, twn mUBBeB of diffqr^nt materials but ir^iual n^qighL, are ^spendeU at 
oppotfita ®iiilH of the am af fi tarsidu holafiod^ poiatidf iNortli-Squth. At dawri 
eaeli mads tjcpe^rieiicea m for^e 

If 

t-a the' ^Bti Td it in orbit d force id rei^^uirddi, cfii>ddtdil to 

tbe JSflitt whero v i* the arbilBl velocity of tho eorUf. If the qtiatiiit/ V 
in dlffor«nt for the twn nuiHaes ori the torsion *r«, one vill fall tovard^ the 
a llttl* fofier tbad the ath«r^ ualesH reptrftliteii by M ivlat in the mn- 
pension. Thm effoct-lira foroea acting on each iieos^ os soen Id tho rdHi franur 



of the opparotnj, are thuH a grairitatioonl force 

K 


to tbo E^at and a dontrif^al force 


F = M G 


_ig 


i r 

acting to the WeBt« At dusk* ho^rB later, the irdTltaiiDoal forces act 
towards the Weat and the ceatrifagnl forcoB towardij the Eaat- If the ratio 


of H and 


ifere opt the same for both JUiaei, ihore vould result an 


oscillating torque about the auBpenslon mttl « porlod of 24 boora (Fig,S^2,i), 



Dawn Dusk 

Fig.9.2.1 An illnstrHtioQ of the principled of the Diclie eaperi- 
Doat to test the oquivaloncs of inertial and groTltational n^as 

Thia oaci Hating torqui would produce aa tuafpilar oscillation abotit the 

dioD with a period of 24 hours. In the met sensItiTO of Dlcl£e''d elperinentp'^ 

tho two ttadsea were of gold and aluainititt and such an oso illation we abaeot 
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At. A ICr^ Ffld) iD^lytng «!iiyalit^ of tiie of proporti&Tiiilltj" 

Y fflr (Did and almiiiitJffi n% » 1^*1 on# part in 1&^^: cqualiiy tq vithiii 
3 pnria in 10^^ at the 0&9& confidatice lov#l ia quoted, E)3tvtfq pearthod for 
■n itdbdlan^o bctwecii gravitational for coo to tbo grAVitotiomil 

f iflld and ill# oontrifugnl forcoa caused tho eartb'B rotation, tlic ofiparii^ 
tus tLBd to be rotated poriodioally {idioroae Picks let the rototion of the 
esTih <kt H for kin) and dcflrcrtlon sf tb* torsion balance vms looked for vitb 
optical lover, t«lesBope and tho noked eye^ inptoaii of optical lever* tele- 
scope and cleotronioo ns in Dioko'o &j[periBentfi. KoaetbeleaBj Eiftvba estab- 
liabed th« equality of Y for a wide variety of mibetoncea to a few pnrta in 
10®* Reference [l] contalna a detoiled Bccouot of Picks's esperiinents and 
dleonsPloQ nf earlier work eHtabliabing tke equalily of ioertial and gravita¬ 
tional nwaSi eapeetally that of A moartirejaept piMllar in prlnoipte 

to tboae of Picks and his ichool haa besn CArried out by Praglnidcy and 7sbqv 
[2l( who report sqUAlity of Y for AluBlniun and platir'un within 0.6 in IP^ 
(65^ confidence lisit). 

3.3 T»y.i nf the rmll result of Ritviis^icks espari montg 

Ve 'aow •canine the coniiqu«TiBBa vbicb flow fran this oull reeulti 
irtsniei^er that In calralating the gravitatiOTMil rsOahift npinf grAVlty fratlier 
tliAn the equlvalsnoe of gravity onfl occslorAtiou) w* aesuned tbAi “th# energy 
of a ayatCR (each aa ati atOp) in a gravStotlonal field depended only on ite 
total energy canteiit (thfit la* ita isaap) and tie potential and that couaerva- 
tioQ of energy held locally in the tronsstiaufl. The Braglnaky version of th* 
Eatvos^^icke eiperi»ent yields the result 

IVt ” < 10 ^ . 

Ve kliow th# tnertlal jaaes of mi atoni to be cojaposad of the following tens (at 
least) 

(1) Eloetrop rest idass 

( 3 ) Elottron kinetic oiergy 

(3) Blectron potential energy (oiecitroMtatic Koergy) 

(4) Proton and neutron rest la&psos 

(5} Proton and neutron kinetic onergy 

(6) Proton and nsutron potential euorgy Aie t.o craoloar foTceA 

(7) The BlectroatAtit energy of the nucleus. 
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GRAVITATION AND BELATIVIIV 



( 2 , 3 . 3 ) 


(2.3.3) 


is ths 


imlee# of thpr* tu-e groKsly implKiiBiblv &aDe«lliitioiiii, 

The ciiffsreTLf^e botwosii Ft and i« in thcr cisutron/pi^Qit^^H 

The cdBjMiftitioofi of Pt ond A-t aiono afe 


PlotimuDj 78 protons, 78 elofitrqQa^ 117 nentrona 

Aluininiiis]; 15 pro tons ^ eleetroti^, 14 aeuitrons 


The fr&otioOAl veigbt of o^^jtj^na to thus 0,flS for Pt and for At , 

The anoMly ia Y doe to noutrans In thu* lesa than one part in 10^^ and 
aiHilorly for pratomi^ If thore is wa anooiily dHsoeioteil uitJi the nautron- 
proton mot difference, which ia ahont 0.1ejt, then it mkst ho Imh ttian oUS 
part in 10®. Sindlarly, If olsctrouo have a rntlo of ^aritaiidnal to 
idertlal naea different from unity, the difftreGCe muit be lesa than one 
part in tO* p 

Vs may ntya turn ouf attention to the contributions of binding and kinetic 
Ofiori^y rather than the rent dosp energy of atonp. On putting together elec- 
traaa, proto hp end neutrano to naks an ateaiJIo nupl^ius and its retlmio of 
electrons, thope constituents pick iip kinetic snergy' hut lose d greater oasount 
of potential energy in the fnrsatton of a stable systen, vhich has less moso 
than the reat nwesss of the constituonto. The Bean binding cnorgy is the 
Botblus of the- nun of theoe two tonas, divided by the iioss naanhor (imniiljer of 
nnelfioiiB la the nucIoiiH) of the atoB^ The nean bidding energlea of Pt sad 
AA differ by about 0,3 HeV - titiprDXiiiiBtely 3 X lO"* of tbo aucLeon rert ub« 
energy, Th@ onaiiiikly ia V due to bindine Morgy i* thuu < 3 X IQ-® ! the 
grATitatlanal aHiBB~e<|iilTalent of binding enorgy is eqiwl to the iaertlAl uoss- 
BquiTnleat of binding energy to 'Nithin 3 ports In 10*. We onn nov brenk thlj 
down into its coapni^^^t:parts. 
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SSI 


Nuc laor #1 ectro qtitjtij5_ a* I fn^eue rgy 

Th# el^cifOflrtetic eelf-AiierjiS' £ of a mi*Lmifl la ^yite well by th& 




a 


A being the ntdBic niunber, 


» 1. fi i 
H 0 

Z tb0 Atwic munber aD.4 S 


fraciiatk of inertial i»flB cjoatributad la thma (+) 


e X 10 


(2,3.4) 

^ 10“^^ CP . tlie 
fN^r Pi and (+} 


Vue 1 BBT bmdirtit 

Tbe biEfii-og Boergy *f m mi^leua ia given quite nccurately by the imi^eBpirleel 
fcimla [3l 

H(Z,A) ^ tiA - SaK Y - e± 6 t3.3.B) 

where t ia tbe electpoatatic term ws have already evoluated^ and 6 la an 

BBeillating csrrtotlaQ fnr buclaj ttf even A* The irBetlcn of mapa repr&Bun- 

ted hf the firat tenn id th# Himt lor Pt and ; it la a firnt a|r^oxiffiatian 

to the difference between Itiaaticr and potentlpl enargy- The eecqiid terUB ia a 

ooirreatidD *3 0 to mioleotta ti#ar ths iurfae® nnt interact ip* with the satue nm- 

ber of neiflibourp ab thna# deep within the nu&leua. VTe nay take the second 

tern to provide a meaeuro of the quantity fi Y thjo to the Btrong intoraction 

potential. Ihe coUBtaut ^ i« oboai IS HeV^ bd the fractioa of inertial bmop 

n^ntrlbQted by tho tera in p ia -^3 X ICT^ far Pt and X 10^^ for Ai, 

and for tha atropg iAtaractiona i Y ^ 3 K The lipit on b Y to 

miclAoii kinetic energy ia probably abont the Haane; we con nake an estiowto of 

It fmn the third tom idilcb Basentlally repreBenta oxcoob kinetic energy 

1"^ 

forced on nncleonB by tho Pauli principle^ la a nuolmae whore the number of 
pro tone and nautrona i® differ ant. The fraction of inertial »pa cnutrlbiiiod 
by thlH tern ia ^ tO~^ in Pt and iQ"® in Al : we tbua find a iifflit on 6 Y 
frqtt nucleon kinetic energy (The canetant Y in the BBud-eogiiriDal 

no 18 formila^ not to be confuaed with the ratio of gravitational and inertial 
maoct 1 b about 23 McVj} 


Atopj c stmctUj'C 

The ■binding energy of the a topic electrona nay be BBtimted froo th# Thoina^ 
Feral aodel of the Btoui [d] 


BJZ) 


115,73 Z 


snd ifl ™ 6EioV Idr At, 0.41 MeV for Pt, Electroa tfladitii dUetey thus con.- 
tribotBa B frdctldtial inertial masB >''2 X 10^^ in At* "* 2 X lO^ in Pt , nien 
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tAAVXTAJI(i\ Am RlilAl TVITY 


^ ® ^ with. th« fiane Mrt Crf liiait pH the pptcntlal and kiABtip 

QApr|(iQ« of the ol^cimiis Heporat^ly, 

Cray 1 tatiotial oelf-^neray 

The EA^tv^a^i cike^ Brp^inaky oarperIniantA do not provide a meopLtro of the rotlo 
of the gravltntioiiAl feBss-eqaivolont «iiJ InertiaX nato-e^oivAlent of j^ravita- 
tioiidi GeZf--en«r£y, The gravitotiortal eelf-ttdorgy of o uniform ophera of 

T 

in«B$ M* rndjuB H ia - g irtitflb for Pt io -^ICT^ ergs. The fractigaail 

cpntr ihutidn to the inertial maea id thue **9 X 10^^ „ 


AjrU fcPifltter 

This 1 b more exoti^i but of int«r«Bt ^poaiiflo of tho frei|ilent|y «iiaountor«i3 
-iipfrculatlon tliii't mtlor nnd anti-Buttar might ho bh tolly mpoilElve groe’ltot-l.oik^ 
oily, Tlie xDertial ma» of anliuiittor (pooitrono, oritiprotona .,*) io uer- 
to inly positive m puoh a opoculoliaA i^lieo acuBtivo irovitotianal mss. 

Noir otofiLB contalA tonpomriiy yiriuol oleoiraiwpooitr^on pAlrs^ whioh kiabifest 
tboBoelvea thrau|{h corrootiono to the oleDtraBtatlc! poteJitlol [s]^ and if the 
pool Iran vftre repelled hy the sraviioiiadBi fiald of ordiaory laotior , the 
ffrovitfltianal tobss would he OPOBOloilO by on aniuzit [O] 

whore the duBeaflionleao qDontily i« the order &f Baipiitucfe of the 

probability of finding a pair in the field of the niKleuo, We oan p^e tbot ve 
escpect D dependence on (rather ttiai] Z^e^) by a als^ie argument a ini lor 

to that often ap-eO to calenlote the range of nuclear forcep dne to the tt^eson 
(p<ion} ■“ but Eayaat gagitor # 



If we pojMrflto a pair of eXectronj in the Couloflb field of ths nuoleuo an 
energy ^ ie uvallablOj If thia la equal to 2 b^o*- we mny oipect vir^ 

tuai paira to be imporiant. The tlBe acale At over which energy io uncer^ 
tain to AH lo given by AE At ^ h and dr < ofit . Tbii la also th* 

Colston wav^Xeajth of the olootrau if we eonSDt lotallae the eleetrona btttar 

than thia, we may set r « Ar expect paira to be important if 


Thii oort of effect la SmoTO aa vaeuixm poUriaat-tao - tha effect of th# virtual 
alectroDi la real in electroBognetism beusnoe thatr transient pr-eaence alters 
the offeetlTO charge diatrihution nour the source of on eleotrio field [4} ana 
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ooatrlbatcH Ui the Ijiwh Ahift ftnfl ihv aiiiiiatilou& pflgtietic Mnwnt 9I tliiJ alec- 
t-rcDi Wa imy therefore tuivt oonfidento that the gravilfttiouiil und idertlol 
DuiEfteB nf iHflitreae ere the ^ne at a level 



< iii" 


137/ 


~ a X ifT® . 


SiidilJLT effecti are ej[p*ct*d tc ocCTUr for the etrot^ intere.ctioQH? virtual 
protoiwiictiproion pflir-s (end paira of other stroia^ly iuterectlcg particlee) 
ohooid hiive m transient eiletetice* We have po well developefl theory from 
i4ilch the eiace of poeaihle effectp Gim be ccKiqiutea^ brut the depth of ih# ever- 
•ge Ktrang Intcmctioii pvtODtlal in tlie nuclima i« about 10“^ ao Ut* 

probability of finding iiuiil«oi>’HintinuolODa pair* is perhaps "<10”^, W« should 
bo oof* in inforrini fron tbo Broainirty oKporlBKint thot 
still bove an ononwus nargin for ormr? vo can be conf: 
does not foil upwards. The aoet preeiaa tost of tbo gravitotlonal equivsleneo 
of Mtter and nntliHtter la found in K^-K® interforenoe pbenoiiienn [tI . 


dent •ts .1 antil 


< lO-"' «1|J 


att#r 


hegli ijiterttctioafl 

Ve have e*neldered [Mateatiel ™erj|y fro-B th^ etrud^T elcctraiMjtc.ttlc an(S (travi™- 
tsttonai interactieoB. In th* first tm ceees the Eolv^s-Oiok^-Br^iitiiky 
e^rinents eUe* ua to conclude itith pracialon that the asEiaciatcd inor^ 

tial and grorrltatiDnal wssea are 1 denticol - lu the ftf gravitallonal 

*tiergy can laorn nothiTi|j frecti theec e3[perieiente p The only other knewn 
clnae of interactione £a the clasB of neuk interactions reiponnible for nucloar 
bfrtfl decay. The fimfeBieiital interactioii reapopsihle for $ decay aay be 

represented diagramnaticiiILy &b 



with on oBsaeiat^d no-triJt eloHient 

wtasre the forml constant g *l.d X [3^], 

There la ovidence io nuclear physios for a eiBilax interaction he tween ti» 


nucleons 
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fBUmATTON AM5 HELATTVTTY 



ftnd th* itmrgy aBSodatcd vit4i thia ia given hf the didgonnl cintrix clmnut 

vher« V is the QUcleBr V0liiitae. Thi ^#ek liitaj^actt&n snargy of Jy»t on« piilr 

of nucleonp Ip At is ttniB ^ fl X IQ^'^ MoV CDrroe|iond|^ to K 

of ths InartlAl naes^ 

If the tqtal £[ierg;f goeB ao the oufiAiar of ducIodd. pairs, tho fraatiop of the 
inertial maea contj'ihoted hy the XQAk interactions is in alL nuclei* 

If wo apppoee a iflhslpnee in this frattion batwetMi At and Ft than t\ 
vguIO ho if the week interBqtina imerg^ hud no gravitotloimL bosb. 

If the lahalsnce wni due to one pair of auoleaiie La At ■ the correopondicig 
ffc wouic ^lE 3 X Tbtifi the Braginsky vorilon of the liKtTtfs-Dtcke 

oxperiiiciit PuggeBia . K -> bot thora is tmi oiiob margin for 

error* 

Id EninmiBrj, the ratio of gravitatiaPol td inertial joeea of binding energy la 
unity to within 3 perta lb , PoienLlaL energy uud kioetic energy cdnel^ 
dared separately hmve Y = 1 to a rather bitter Dccuracy. Little can at 
prepent he said oheut the graeitatioUBl propirtieB of the weak iiiteruotians« 
end QothlDg about the groviiailanal properliee of gravitational energy. 

Conservation of energy and the snss-energy relation of j^ecial relativity nra 
verified ip nnclear physios at a IcteI of ahoot one part in 10*\p Tliifl hao 
been done by ro^ariitg tha bbbees of nuclei as detomined tbraugb hibsh 
iroscopy with corresponding energy differepcoe meopnred through reaction kine- 
Diatias^ ¥lth the otjuiTaleiice of gravitational and inertial nsas of enorgy 
established at iha levoi of a Twv parts in 10^ and the inertial bosh e^oiva^ 
lent verified at one port in lO* [bIi It Kould indeed hove been astonisbing 
If the gjTdVitatiDnal radahift ea^eriment hod failed to 3ideld the es^Ected 
onower at the Ijt levels 

¥e nay now confidently accept the non-ralattviotio rElation 


im tmvds-nicKE 
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vber« Bnrt Mg "*'• inertlul ma^^A amJ atien^jt id fin^ the rdlAtiWEitio 

la^E al itrBTitatipn. Out poBitkw U attologanB ta thnt of a laiTtloa 
vbo lid a &C 09 V 4 to u^i tbor uetali nor lnil«eiciDe i lut hue nDitetbeio«# otudlad 
elcctrootatJcjf ond diofovflrcd the Lortniit tron*for™tLqni of apooiol I’alotiirity- 
Before attUDptlne to fLnd tlio relotiTiatic Lfiifo of grovitkiion, we irlll fir at 
this imrttaii talk of findlniE th* full lawa of eleistnidjwffiica fro« 
Conlonfa'a low onfl ^dolol roloilTity^ 
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t'H^PTRR ? 

MARTIAN ELECTROUYNAMiCS 


3.1 Pialda 

W« A lArtioii physielat- who id the flry nttsD^here of Mar! 

biia acquireil *n eioelleial Inwleclfa electroatatioB. WitbOiTi't faevliig dia- 
fisvereJ elcotroDHigiiet iAMi, he oaiielheLeai detitlas t* "to meAmire 'fch* 

veleciiT df throuBh the hypothetlcel BettiuB which eMpperta Uaht WBves, 

Oh%aiii> O null result with inter! ersnetera with ftma of both equal and unequal 
length and la driven td diseover the Urent* trmsfcniMtione. He finds □ 
principle nf rfllntlTity {dtiloBophically nttraetlv* and k» wbarke an the taeik 
af finding a aet ef phj-aiesl laws which are cownrUnt under the Lorentn traiia- 
fenmitiona and reduce in ttie law velocity Unit to the inwa of eUetrortstioa. 
For the rest of this chapter we shall follow th* hypothetlool reasoning of 
thio hypothetlcol pcartiBH. 


Ahetrnctina from Cottlouh's law we definn the electric field of o point charge 


q to he given by 






The enrfoco integral o-f ^ io 

I* E . 11 d& a q f dS S dirq (3.1.2) 

S 

If q Ip itiPidc tht cloatil purfpee faud jero if It ll Eflt) ^ If pany point 
charges ere prewnt we uee the principle of auperpoaitlon of electrio fiolda 
to writ# 

j o 3S = 4 ti ^ (5,^le3) 

E inpide 

itld dofloiiig the local clinrgfl donpity OS 

p- ilia ^ 

V 0 

w# bow 

[ E . n dS - 4Tt J p dV 
B y 

wbor« V la thfl TolnBB faduodod ty the cLoP«d aurfaCd S . Now 
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J' E , £ as = J* V . E liv a <TT J p dV 

8 V V 

anil Bioce the voliine- ceUBi^red orbitritrj^ we hor? 


5-E « 4Tip . 

Vith the ftirther E^efini tieft 

E c - ^(p 

where qj la a BrnlBr ItmctiDEL of pafiitlon,, we reeeh eqiiatiDa 

Y^<p=-4iTp £5.1.8) 

and thie 1« o eonvecLient farm of the iftwa qf BleBtr^atatie^a from whicTi to eiori 
the cooBtTTtoilofj of fi 1 ertrothmiaiiicA. 


Thii e^uqtioD ia eloarly not efTrariant und«r the Lorent:; tranaforutions., 
hecAuae the aperator cotiiBinB only dorfFattvee with resect to i , y Bod 

z * Vfe deed to replace V® hy bo operator with wolJl defined proportieo under 
the Uircdiz traoaformat Ion, Ld whieh i^y^i and let mU enter zynotrlcelly 
and whJoh In the Btatld linilt redueeB to « Ve therefore replace the 

Laplaciftn operator 7^ by the D ^AlEi^ertian 


n s*" 


1 ^ 




^ c*= St^ 

and this will give us on ec^uutiaii 

n 'p “ ‘ 


^ ^ (1.1.21)l(3,l.T) 


(3,1.8) 


In q region of apace where p ift ZrEfB, we bfrve 


which haa ^olutioaH 
where 




*p f(t. * - i**3 






The replacement of 7® hy the apprepriete operator in which a and let 
enter aymmetriCAlly hoe ot once yielded vtB an IH}natian with A free field abln^ 
tloQ i^icb propAgotea bb n wave at tba speed pf light* 


Ottr hypotbeti col Hrtian would undoubtedly he tempted to idontify hia theorett^ 
cally discovered electrio waves with ligtiti but at once he diaoovera a diffi^ 
onlty. The elertrlc field asaceisted with tb# potential © id 

E a -- 7(p = - t f ^ * 


Tor eianrplBi if 


KiffiTliM ELBCnWOINWICe 




1 fk . * - 


wt) 


tllM i(]( , It _ ILt) 

Es-kffle 

Thla fllmetric field is in tbe direction of pr^pagetim^ of the v&v# Bud there 
Ib only one polorigfttioni tf our wLriibn i§ Bcquemteil i^itb optic* lie will 
know that li^kt he* two internal elo^free* of freo(kHa, two independent polori- 
ution 4 » 


Wa therefor* exfinlpe Rors criticallj the ccpteiit pi the eQoation 

qp 4'rTp « 

Since the D'jUanTjertiaO id a four-#CMilai- operator, the whole eqaatioo la only 
OQTari&nt tmder the liorenti tronefonaationB if and p have the aane trans- 
foromtiop prop^rtleBi If ip le o four-acolor, then p pait ho a foiir-»eolBr. 
The ctLBTi^e of A pArtlole lo 

q = JpdV . Jptodyda . 


If snob a particle le wim past tba ebservar ^bc uses cgurdloatss l' ♦ t', 

thoji he sees a charge _ , . . . 

q' = Jp' di'^dy' da' . 

If p iM Q foiir-atolAr, then ■ p* 
¥e hove iy' ■ Ay, = A* hut 

J t ~ ^ , 

1 0 ^ 

TbuB 



the Lcrontx contrictipa. 


.CH’- 

V‘-.! ■ 


Figp 3,1.1 Lorontx contrAotion 
of a inoViiig charge distFlhtttion 


if p £o A fonr-icnliir, charge i* a 
function of Velocity and tendji tc 
aero oi v ** o* If our Eurtian hea 
olrcailiy done eaperim^te with high 


energy eleotrona (goodnea* knove how) 
he will reject this poaalhilltyt if he hna not then he hae an addition to hi* 
Hat of oruciei experinent* to he perforned wheti toofanicelly feoeihl*^ 


If we reject the identification of tp and p with four-ecalarH, w* Jnay ocnai-^ 
der the poaaihility thot 

r~] qp = ^Ar\p 

relatee the bop™ coiqwnantB of two four-TBctora* If p ia the fourth coi^neiit 
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EaWVTTJdnON ATO REUiTVTTr 


of m foor-yvotor it vill troDsfura like sn int^rral of iino. Elnoo 

At'. At (t - , p' = p(i - 

And lh« clLBrge denpity increoft^d io aa to ooiipADsate for Lorfi-atE oontrmc^ 
tlQii of M oluTg# diptrlbutton and lesva thp otmirfe iwarlaftt^ 

J p'fc'cly'm' , ]/1J_\ (a.jl - 11. (3.1.10) 

V*-7/ 

Thin ig on AttmotlTe pogalliilit-y and becaoes attraotiTO if Vfo allov gur 

■artIan kziovle^g^ Cosgarration af diai^e, Conpgr^atian of charg« pltia tke 

geqaral atntPMnt that tha litva of phyvica are tba iain« far abaarrars in all 
ine^ial frnaieB rat^uirgg laoal ODnBaryatian of oharga: w« taay not bay a qbarga 
diaaprpearlng at <iiii point in apaoe and afnnltiinaouflly appearing at anothar 
pa inti bacanaa dlffarant pbaerya^^g do not agroa on the BiBniltanalty or otbar^ 
wipe of gyanti at dlffarant coardinatap In epaoo. Thu a tharga only dleappoara 
fron a volume of apace by flowidg in a continuaiia vay ibrougb the hoimilinit aur- 
face. Local oonaarration of charge la contained in the equation of continuity 

{3.1-40 

irtatre J is cnxTent Oentitjt J pv , 



Kow let ia tba fooTtb coiqpanont of a foiar-veotgr^ If we fdtntify (J g lop) 
aa the componenta of a ffinr-ivootcr, tha gi^uation of ^ntinuity can b# wit tan 
in the maiiifeatly oovwlant form 



where 

= {J. p) 1 ” (i11®0 

and 1* .flfaartliiiii4 fchr 

^ ^ ^ ^ 

* ^*2 * ^*4 


(3.1.12) 


in the eonyention of auBHJjig repeated (djemy) indieaa. The eq^uatlon of eon- 
timity thua takag the fom of o gtateDent that the foiu'^divorgonca of the fev^ 
current la earo End we have a relation valid for oil ohservera ±m inertial 
framaa. With the cborge deoaity th* fourth coiponent af a fotir-vertor» we have 
charge an ioyariant and locally conaeryed. 


For this vactor theory of Bleotrloity and relatod phehooena we wile 





»Un:TU.V IXECHHXP'iCUHlCS 
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o*, 

iiiid the equAtion fpr Cp i* recwered pu \x=.4* Thoi'e ire row foitr 

ititeraol de|;reee of freedtaii in the but oaly two polariaPtiuDi for ll^bt. 

Thefle laitr dojtreen of freedhtf AT* reihiced tp three on notiog that slnee 


bqO 



ve MQBt nlsp hiTo 

^.0 (3,1.14) 

thui jiroridiiig one epnitrilnt. We still hmva one more degree of freedoia thou 
ofatoina for lij^t however| hut the iiiti|ce invariancB of the cq^qatlona deeauplea 
ant of theee atgreoB of freedom we ahAll lews the diaeuesioa ©f this uptil 
Chapter B* 


3,0 Fproea 

The next taeic confronting our wmrtim 1* so investigation of the forces 
icting on thargod particlee: so far he haa ooljf ahtiineC the poteatieli^ In 
his experlmeatally icoepoible aleotroitBtics he hm for the energy deaiity of 
A charge aiptrihution in on external potential cp the three-pcolar qunatlty 

e = p<p (3.2.1) 


and a force dtoBlty giv^ by 






He there fore expaote the forces in the general cnee to involve the foor-acnlir 


function 




(3.3.7} 


corrteponding to e cumiat^cyrreot interact tan between two charge flistrihn- 
tlone 


?>') ft*-*') . 


(3*3.4) 


and tbr deriVBtiv* □porstpr Sioco the force on a pclntlilc* particle 


Ln the atatiE case li 


% 

F = -=-, 2 -p 


(3,2.5) 


in Lb* general Case we Mrt hav e 

pluB porhap* other temLa^ where 


dt c ]i 


= J 1 J = 41 ( ^4 “ - 


(3.2.6) 
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CAVITATION AND mAFIVITY 


ThiB equation tm cartaloly not wittea in n oDv-prlvit wa^^; ve have thi^aa- 
vector* on both aidee oad differantiatioQ vith raepect to t « ¥e leay rtart 
to irrite it in a covariant by r^pl«cii% tli« £ itud 7 ttir>ee^«aior 9 vltti 
four-vectors: 


dt C S-l k 

V 


+ 0 ther terms 


( 3 . 2 , 7 ) 


Now 


/ E' 

\]L^ gfliiorAliaed forc« aquation yieldp tfeo rat# of chaojEe 


of ttneri^ ao well as the rata of chaajfa of BanectnB 


»o that vheti v = 0 > 


F V 
at ~ i 


ahea 


% 

dt 




0 . 


F 


(1.1,30) f3,2.a) 


Since i = (>IZ I I* iion“*ero whan v ™ 0 , So wa have 


% 

dt 


^4 ^^4 

a — + othar itraa = 0 p 

V s o ® P * J 


Thia is achieved by aettli^ 


- Aj i— 

at ~ fl til a 


&Ay ^lA.. 


(9,2.9) 


( 1 . 2 , 10 ) 


which la Idantleally aOro for v* 


Ve atm have the prahlem of a dilfercfitiAtion irith respect to t aIoho on tii« 


loft luuid aide, and va may ho worried hecauaa 
ia the four-vector, 
variant wayt 






: it Ib 


that 


We can howovor rswrito thia aquation In a maiiifArtly co- 


^ V 

"ST ~ at ■Jt 


£l 

dt 


ao thnt 


dp „ dx 
“^v *1 uJ u 

-df -7 dT |a,^ 





This equation ia clearly cofBrliuit,, for the charge of the particle q is An 
invariant, the fsntr-»opEiitina of the particle^ ^ ia a four-vcctor aaci ap ia its 
derivative wltli respect to the poalar quantity t, the proper ttmo measured in 
the ipstantaneouit rent frame of the particle^ The derivative of the four- 
coordinatre af the partiolo, Si^/dT^ ia also a fonr-veotori the foiLr- 

velocity, and ao the> right-hnnd aide ia a four-irectpr foimed by taking two fonr- 
vectora and a fatir-vectpr operator« Tbo quantity 


HA^LAS EIiECiaOPlKAMlC& 
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aA^ 


IS 

Bx.. 


le frequently tlenpied by F, 

[11* 


vti 


V H 

aTi<^ ifl eel Led the eletitroiiidi^etifl field teaser 


¥e qsn sbtsiA the foFOB IswB In a fafllllsr farm by wrklng out th* siMoe^lIke 
and time-like UBpORente ei equation (S.S^LQ)^ obtaining 
Ob r 1 b A i ^ 


qi:. e¥EJ 


The tenn in 2^ ^ proviOea s foree alvayi st right anglao to the veloeity 
and so lioes not affebt the energy of s charged parti ole; thle ie the mn^etio 
temiK ¥ith the fleftuitions 

B =s J )c A 

dAi 


f 1 dAi| 

I ftJ 

we have the fwsilinr eipreeelons 

^ = 1 li + J 1 « a} 


(3.8.13) 


dE » 

dt 




¥e tuny oaloulste the accelcrAtton of * p*rticle by uiing the r si at ion hetvesn 
DcuDentuffl and energy 


ufaiob^givsB 


io that 


where 


E 

£ H sw ^ T 


4^ T dE 

a -37 = :*7 


■ dt dt 
T . E 


dt 


ibr q r T * E t 

^ ^ {l-i “;;;r * 7 X a] 


(3.8.16) 

(3,846) 


J. 

-.2 


.'t 

V1 - 7? 


Thus by aonrchitig for s set. af relatiri at i sally Paver lent lews that reduce In 
the Low velccily limit to the fsmiller lauo of slectroetatiset oor hypothetical 
Bortlan bsa luicavered the Imra of eleetrodyoamlcB, ¥e vLIl parallel thie 

resfloning in Cbopisre 4 and in so altei^t tc find the Lave of graTltation of 
which Newtoniao grarltatlco Tspreaente only the low velacity Halt# 
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StAVT'm iQN AND mMivm 


3,3 !Hie LsarniiiClaa fprullHaa; for gapcrtfl 

Hafl^ foiaLT^JiSJilDr Ints'i'BcilDzi ^ hae tha d^anpicnfl *f {Sed^ 

Pity birt ao«« ut IraDfifortf sp po anergy dmity, pm bpvevor b« icrtar- 

prated pa ad imniriAnt deflaity Garraeppadinig to tbo iato^rdotioa o-^ 

the corraDt daDsity irtth the oztanuLl field IntafratiaD over the 

TArlftblea proTideSf for o paiist—like pitrtlplai tho iDtoraotiqa LagTangian 




(3.3.1) 


e dT " li 

The equatlpDo nay ha abtaiaad at opco the lavariant Lagreogien 

Inoortad ip the oereriant verjien ef the Eular-Lagrange e^uetlaiaa [ 2 ] 


vhero 


A Jlk li_ _ D 



(3,3.3) 


Refareacaa 

[1] J^D* Jackion, deoaital EledtradyniniieB* (Wiley 1962) Chapter U . 

[2] For ex9PwpLe> H- GdldataiD^ Claaaieel bteehAnlca, (iddiaop-Vealey 1950) 
Seotlea 6^6. 

So* also L.D* Landau ajid E.M, Lifahitp^ The €l«AAle4L Theory of Fieldfl^ 
(aid ed., PergsmoD 1902} Seotioa 23, 




CHAFTtR 4 

RELATIVISTIC GRAVITATIONAL FIELDS 


4* 1 Thv grAvitatloPsl Pplajagn wjuatiog 

We ulitaiii tfravitationol T^rniun df eqiiatioa- 

Abatractidg feom Nwt«n<i IrW g^vfityt va iteflmd t^d gra^Uaticuiiil forcd 
field tQ a |ioint m&m H be 

E(*J = - ®< ^ , (4-1,1) 

Tbd Jiurfavd intei^al af thii farce field E ii 

jH* £tl5 « - 4 ttC3M, (4*1.2) 


To obtaiD the oquivalcDt of Poioedn'B eqtmtiadi ire tniie a volRMe fiV oontatP- 
irm a total aaaa H coc^iied &f a nmiiter of retailor iaonea M. eacli generatiiig 

e field 


l£-£l 1 


r . ntlS a - 4nBM. . 

j “1 “ 1 


(4.1.4) 


If 3 > than 


J H * n as = - 41x6 


(4.1.B) 


hut it ia isfHsrtBiit tu Date thft asanaptiois that graFitatioiuil fl«ia« obey thu 
|d>inclplc af aupferpoMitioii, that la, thsy add vtcturially. This is cbrtalnly 
justified in a weah field nprproxlmBtiau, but we suet hentaee when eoDaiOuelnfi: 
Strong fiflldv* 


We define the eaus Cvawity 


P 


od 


p t 


lin 

AV-O 



1 


vben uslni; Gouoe^E tbeored] we hhV€ 

I H. n dS J adV--4«G J* p dV 
or 

V, E c ^ 4TT(rp a 


We now define a gmvitstlDiiAl soalar potential b so that IJ 

T^b « 4 ttGp 

whieb ip the fravitstioxul equlyalent of Folssiin's oquatioap 


(4.1.«) 

( 4 . 1 .T) 

=-?b whence 

(4.1.8} 
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GaAVTTATlQ?^ jm aOUl I^ITY 


In to oonjtruet a twxtiAnt v^mion ef ibifl ^^HAtinn if# first make tbs 


replacBiient 

V* - □ 

Qh = 4tT6p, 

(4.1,0) 

In eiiqpty apace we have 


-L -2-' h fl 

(4,1.10) 


Mtiich has soluticnv wtiob ore wavoa travtlliiog Hfitli ir^locity t: ¥« ore at 
jnce left tq anticip ate tbo of fravitational vBves propogAting with 

velocity 0 . 


Tlifc pronartigw of the iourca of eravitatignBl ffgjdg 
SincB io 0 ocalnr opera tor, tlio grei/'itBt tonal potent isl h nuAt 
han the oatH tranofoTwtion propertiaft ao the mOEo denoity r to find oyt 
Boro about the gravitational potentiala wo oyat ituify the propertiBa of p* 

We happily have nare experlDEqtal information than ottr hypothetical iiartlan 
iDTenting alaotrodyuoDica ; we know that partlolofl of velocity c are 

daflactod in a gravitational field. 


Sappooe that the gravitational potential Li ia a four-acalar^ Hien p would 
he a four-scalar« tlowevert If this were the eaic v# would have 

M'=J p'tlir'- Jp ' itaflydfl! = ,/i-2^H (4,3.1) 

and the gravitatioMl maas would tend in zero aa v - c and a particLa of 
velocity 0 won Id not 1)« d^flacted by a gravitatiional fluids 


Conld h h# tho fourth camponent of A louF^vector h , a a the acalar el^otro- 
DBgnetio potential ia the fourth oonponont of A ^ |Suoh an float ion 

r^uiroa p to he tho fourth CDipoaoiit of a four-veotor and hence M to he 
an invariant^ The inertial i^at of a partiole ia not an invariuni. The 
proper tnaea ia an invariant, hut for a photon the proper dbab ig kbto and go 
again light would not be daflecied hy a gravitational fitld. Indeed a parti¬ 
cle of arhitrary proper tBaaH would not ho deflected he ita velocity -* c, 

eince the gravitotlonal force would he F m while the momentuin 

o 


p = 



ao that 


^ ^ r Lst ,0 

p j p 
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TT fl : an aieciron is tjsrougji cir&r inallar a^nglea in tli« 

CdulQinli of B lAiciieus nt t -- c . 


We sMiHt ^DQaidsr tbo properties of the imss density p mora tarofulLyi tmd 
turn onto uoro for help to the consorratiocL lawjii We tmire the eE|UiTaLoiic« 
of inertio.1 hass and energy an^i we have cbuservAtlon of energy^ Roleii^ietlo 
covarinnce Lillies local conBervation of energy whie^ ve eKpresn through on 
ec^uBtion of coniiiivity ; 

{ 4 . 2 . 2 ) 


rt r. 

Tfc ^ ° 


where onil g is energy denoity. We auet heworo of nalring ideti- 

tification of the ^ttentiiles i lo s) a foiir-Toctorp heoause w® Iww 

that energy no^ aumbutuii] urnkut up o four-'^ectc-T. Each cos^nent of momentiiB 
Ifl Also oonaerred, nncl if £ danotoo the mopentuBi OsniiJtyi then for the x 
eromponent of moDentiia] we have 


And for the Coinionent of Doneatam 

1- ClP±) ~ ^ 




whieh we moy write as 




!!j 

art 


^ 0 


( 4 . 2 . 4 ) 


We can ooD^lnc the«e equaiiona with the eqnation for energy oDPserFetioD ana 
write (in the absence of frxtbmal forces) 

KT . 

^ a { 4 .S. 5 ) 


whore 


Z is the eadTgy-iiiniaenttug density tensor« 


t 

Since P ^ t —r {= t p) we tan writ# out Z 

V 


hW 



(4«2.e> 




GIlAVmTlON AFffi RELATIVITY 


4e 


flr A-etting; (^, ie) E T 


MV 


e , 


(4-2.7) 


Tblj 14 flol/ 4 Blmrliiaiid hinior^rt v an ^tfiaed bcro I a mt a Tour-vector^ 

j M 

b«CAi]Be ^Tj * 5 434>rrAi|;iDiidiJi|£ fatir-vect^r im a dx /At* 


A ttnsti'r ban tbe trunaforBifttion 


W 


B a 1i 

iip vtT per 


ftbe E»no<;kfir dal to ftiUttioo t im a tanfror] n thoi 

MV ■H; 4p 

it traiiBforafl nt m teaaiir* If tbe nnprinad fraite i« tiia reit 


vh^ra only 3^^ la Oati-xeroi then 




Thttd 


“44 "44 =^44 = 


{4.2.fl) 


^ - J 3.^^ ^ = - J ■ Ok da 


\-^ 
J r~^ 


11-^ 

9^ 


4^ % dx - 


E 


(4.3.S} 


The of a pBrtiol* Indfod traUBfoniB like the fourth eai^raaent ef a 

faiir-veotert nud the quantity S tmnafema an a tenaor. 

MV 


4.3 Fosaibla fonHa of ralBtiTijtic xravll^tiomil fielda 
Vo night therefor 
tatiooal fleid and Sprite 


Vo night therefore gueas that iF ia the correct aouroo far the grav-i^ 

ytj ^ 


□v ■ '■V 


(4*3.1) 


^,h.i bjnring ftixteon coBiHiaeiit*, .Slaoe 3,^. ia ayiMetric, b will 

T-™ Mr WW 

be ayttetrlci reducing tho nuiaber of indop^ndont cea^ueiitB to tan* Ihe coo^ 

Borratioti leva fiirther roduco the tmober of ii>dopcDdei]it coi^^oDejitB ■ at 1100 


wo have 


& 2 

^ - 0 


(4*3.2] 

(4,3.3) 


leaving Bix indopendeiit ooii^iienrtB. 
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C&i^ar# 


wltb 


□ b 


\Sfti 


kZ 




□ b 

¥0 mamt identtfj li vitb b 


^ 4TfG 

4ttG p m 4TtG —j m - ^ *r. 


44 


_ « ■ 

benoA tbt fldiLBiaii't k with 4^9 /aq^ 


writfi 




4tlG 


iw 


^durc« 


(4,3.4) 


The fdnr-icalar interactioii« between the fieHS generata^l by * 

tept miter dlatrilratiDii, vhlob reflutee to -bp xb the lew viloeitj' ll*it !■ 
(ceinwre the eleciroowgnetle ioteroutioa 


V 


'iiy 


which for e 

¥olim 4 


ill test particle cf uoe w hecques, on iaftegrati^ oTir 


(4,3.5) 


c- MW 0' 

Buppone wo oheoe* to b® at in frame cf tto# Murce of the grenritattoDal 

lielil^ Then 


p—I ^itiG 

D ^44 = “ ^44 


acurce 


and hecaaae we are at rest Iw the freBie of the isonrce, all ether oonpcnetite ol 

^ftoorce Murce ha* an iateraol cutiona. These ooD^neotJ 

44 

being iBoro. they **a geaorote no field end a eipple Bohree at rewt with raa- 


pect to the ohaerver only generates an h^ 


compciient of the grsTitatiiitiol 


poteatiol. Tor e tii 


indapeiideiit field 


^ttO unree 

— ^44 


“44 ^ 

and the aolution of tlila eqnetlcn gl'vee jwit the Newtonian iiotential. 
intaractioD wIHl a tept pmtter dLetrlhution is for this case 


The 


b^ru V 


*^44 ^44 


ia Juit the Newionion tntoTaotion. Siiiietione {4*^.4) apd {4.3^1i) tliua 
lead to the Newtonian deflection of li|^t by the sun - we have n problem here,, 
for in this particular case out elahorate roletiTistia theory gives re suits in 
agreepent- with the naive reasoning in ClLapter 1 ^ and in dieagreament with 
experiment. 






GHAVITATJON AKD fiELATTVITY 


bO 


Noiieth«ltfiEi. ^efor€ BtteaRptiLiiit r«siilirf thi^ AiRcr6-fi»icy it it vtitth aotlbg 

that effect# ot1i«r tbAn N^eirtonian come in wheq el^wnts otb^j* thqn the 44 
qlHHWntB of both OnCL arre non^S-QrO* Jujt bB io *1 p r i.r iyrrm gn n-f.j . 

we hnv« dIffaraiieeM frcuB tbo Neirtoiiiffn case if both eoorce ond ohnerTed parti- 
cIp are lODVing with roapact to the- obsarvor^ Elr«i If the ceotre of na«B of 

ih« tfouroe ia at repi| a op Inning oourco will |{«ji«rate extra temo in b 
g^itriug riae to both e i^in-^rbit intiiractiaA and, if the tost purtlcLo 1# aleo 
opLuoin^^ a opin^epin intorBotlon. 'Riia ia vhy the HK-oinaroBHEit of the precep- 
Binn of on orbiting gyrosoopo ie of interest [l]^ 


¥ft Mist now exmlne whether thero ere nny other forw for th* ootirce of the 


fravltetionol field that reibice to lo the low Teloolty liiait. 


¥e 


raised eorller tho poseibtlity of o eoalor field which hoii 1<1 have to couple 
to m fonr-scalar 1 can we oouatirict ench a field qslof ? ae the sooroe of 


CroTitatlon ? 




We ha^e siready seen that 

BO that 


^44 = *44 *44 ^44{«*t 


^(rest frftBe) 


-s 


The quantity ^(1 - T^/ 

e^) is thep an inrorlanti the jiroper energy density, 

and is the proper moss density^ Then 

0* 

E. red*d;,d. = J g {rott 


r £ (rest frame) . , 

I ; —- (fcByflal 

4 


re at frame 


E (rPflt frame) 

A - 4 

(^iob jort repente the voiic lending to equation (4.S.9)). 


The four^dcnlar can bo foraod froia j 

twi 

e(l -'*^/e^) = - 3^ (4.3.8) 

where the quantity JT ia the mm of ^e disgpnBl elEnieiitB of iT , opiled 
UW jjw 

tbe trace of ? « 








HELATlVlfiTIC HLAVITATlIlim FIELDS 


Bl 


¥b c&u xhuB emiji 4 ge tiw fom# of scalar iibtuActioii bfitvc^eu a i*Durc« dsinatty 
^Bonrcfi ^ teHoiid toiiaor 3^ ^ whieb r«^«o to tha im^i-rtflatlTietio 

TiM 

Mowtonifin Th* first igiv^M no raauita othor tbwi nbsp tbe 

abaorvtr ia at Toat in am or otliar of the frames of the two Kiaios onO ia of 


tbe form 



n foor-^tPOlar proihiot of two teoBorDp 


jj. lourcfl 

wbilo the gecood ia df fom 


W- W 


aouroe 


anil ia the protect of two scalara. 


TMs lecoDd term Jiay be written m tbe preset of two tenaora, for tbe 
Kroneolrer cieiia function ia a tMiBor^ 

- t „oDuroe 

3 -U d 

UM Ifv oa 


and wo identify a socom^ kind of possible graTitationai field whicb boa o 


scalar soorce 

g 

h and liffwe 


and 


Wo write tba ^Nevt^nian’ field h and tbe aoaUr field 


□ "I 


N 

MW 

B 

^w 


pw 




(4.3.7) 

(4-3.0) 


wbicb is the eqoa-tion fqi' a soalar field, dlagnised as a tensor■ 


If we are in tbe rait trama of s eourca with no internal 

._E --S -E ..... 


end b 


44 


itionHf we bawe only 
are all non^Ksro. The scalar 


non-yoro, while ^33’ ^33 

field yidda an ioteractioo wbinh contains a plan# dapendont on the value of 
v^/e® for a particle jKoaurod with reepnet te the rest franfi of tbo source^ 
and of coiirae 

(-1.3,6) 


3 h® 
MV MV 


3 3® ' 

LJM CKJ 


' ’ - frJ» 


B 

44 


in the Bouroe frsioe, so that li^bt is not deflected In the scalar theory, 
also that the acaiOT field has nn off-diagonal tisrMs- 


Note 


We THsy Blake a Store genoTal thaory in which we fono the gravitational potential 
h ont of any suitable coMaiiintiaii of h^* and * In the low velocity 
liJBit we siuBt recover Newtonian gravity, while in the hifih Telocity limit we 
want twice the Nevtanioji interaotinii p Both those features are achieved by 
Bitting 


*11118 is a dlrettly aouplinfl acalnr field. Very dirferont properties 
■ngy he obtained for on indirectly coupIJng scalar field « 






cauvTTAnaN and helativity 




vw 




1 

ouJ 


f4-3-l0) 


<?r 


whAi-e 




{Nots that ^ 


OC? 


iW 

1 

If a f«aliir Aiid 


j ^ A a 

UW * U\J OT 


in B tncisgr.) 
>Jv 


Tb<^d« eqUBtiDDfl exprenf TTIE taoflor thoof^ df grarity^ iphidb im cti irtingMijilied 
Inm dthftr thet^rien vitb tani»or flolda by « very^^ecial ciiAFa^t^riitidt The 
flald cSafined by liq^* {4,^3»I0) is tba clannicBj. version of tbe field 

which in quantum tbcory la inediatcd by tbe exchange of maeB-i^aiif ip|;i 2 pArti-^ 
dies {^mvitonn) in nudb tSia ian-e way iii tha v#£iaF c-ieQtroniague'tlc fi-tid Is 
■ediatod by iLht nxebange of maes-lefa apin 1 parilcloi^ photons. A frevlto^ 
tional vrbvo geuanited by ? has only two |»oliLrliuitiEiiia ; thi* ii dioounaoii 

fit- 

farther ia Chapter Tdi IVom dow ou^ when we roftr ta tb* teuBor tfaeory« we 
simll lotan tli# Uioary en^odied in {443«i0}« The scalar the-Dry ia ej^odied 
In £i|. althdu^ dinguiaed o# a tenaor floId„ ntid tha ^Nowtquieu' 

theory af £4-3^1} ia pari tensor ana port aoolor 1 wo may loosely call it 

B holf tensor tbaary. Eq, £4,3.10^ tran ha irritton 




MV ^ ‘ lA?’ 

A static Held in tbia tensor theory Is ttaii givoo by 


h 


SlTp f V 


fcJW 


i 4 .1 


si'.i 

-yji 


(4.3.11) 


(4,3.16) 


and if ^4 


= 0 


= ic , 


then 




44 


—i*') 


(4.3,13) 


and Hiailarly far ^ 26 ’ ^33' Solvim for ibo flcldi mt o opborieallj fyiaoc^ 
trie souroo of mosH M we therefore hnve 

h ^ 

*"44 = - T 

{Bi 


^11 


33 


b__ = + 

33 r 


The stotio fiddi of a tRaiss M dau be written for the throe ca-acs os 
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r. 


B3 


A 


b® = 


m 

T 


0 


r 




G 

G 

0 

0 

0 

U 

a 


-f 0 


0 

0 


a 

0 

0 

0 

0 

D 


T 


0 


0 

0 
0 

0 

0 


Scdliir (4^3.14) 


ry 

Q 


NttwtoniM 
(or hmlf f4.3.16) 
tsiiAor') 




T 


0 


V 




M 

r 


0 
0 

^ Q 


T 


0 - — 


F 


Tfliaflor (4.3. is) 


in thfr root trasns of m ff|iherically ftjumifttTiF HotiFCO. In iho stolar and teii»r 
m fant parllol* Imib i ajwltatloMl IniaTflijfcion dispeBUin^i &n Iti owDcp- 
tum Hi well am ite caoriy. Ib the Aeelar oaae this decDi^q^lea a fait iiarticlft, 
Ln th* t^oor Mtfs It yloKAe talc# the interflction: if we writ# the iotarac- 


tion vlth fl perticl# aa 
(4.3.14) - a 


b /c^ wft hftT^o oaiois the fielda of Eqi, 




T h' i 

K ^ 

CtMa 
" r 


GMfli 

r 






(4,3,1T) 

IL. 

(4,3.IS) 
(4.3,18) 


Thp forces will cortBinly inrelve tbs grsdlsct of thooo (^uontiUes : we ex^oct 
tbat the tensor theory will glwe twice the iSeflection of light ohtsloing in 
dUiT original Newidnian o^onitruetioiip 










AND HELATTVITY 




Thuil vlth lin! tensor theoTy we L^rtntz CaTafiiuat equ^tioDB thfi 

Biiur^e dud Lhe fieid-Hg t-tie Newta^lan inteT^ctipii in th^ low Tr^loelty liiuii and 
tiric« tlii^ tptoractlan for faiit partiol^a^ Ve aiill need to work gut 

in detail tin? fgroG lawH bDWPirer, and dieck tliat this ’theory yieldg tbe proper 
gFari tational roildh-lft for daepitp ’the extra tarsi in Ib^ iDteraiptloTi 

TOicli leeas^ likely to yield tvioe tbe Ll^lit daflfrctioo expected oairalyih A 
further probleu io tdietbar despite the oddltiatnil deflaoiion gf light we cap 
at ill lULintain that light trArcla in etr eight linea in a freely falling bai;. 
Ilie next tug clmpiere arc devoted to theaa quee-Ligna. %e aruet end thia cha)^ 
tar by pointing gut a probable defleiedcy in oar trentinent of gravitAlionp 

4+4 inearity of the field ejanatigna 

Ve have aet up a theory in nhicb the ggiiroe of the grAvltatlaual field 
ia the eiiGrgy-H»5»ntyifs danoLty, HgifevcT^ the energy In tha gravltationnl 
field la Itaolf expetied to be b port of thig ggnree^ strictly apealcing vo 
ahquld write 

0^^^ B - —^ ffirjivit*tloii*l) + (^Fer^thinc 9li«)J (4,4.1) 

and wg expect 3'^ (graTitatloD) to be coxipgsed gf bilinear prodLicta ("iiqiuiroi') 
of the dariTativaa of iteelf^ Tboa for rgpplete ooneiatsney wa ahnisld 

hg-Ee g non^linaar differential eqnation for h^ and tha prlnclpla of ntaper- 
ponltign would ngt bnld^ Ihia ahonld not be liaportAfii for wcaIi field? 
howeverf and wo Are montly cnacernod with weak fieldn. Indeed^ the Unearised 
(weak field) equotioUE of genem] relati’vlty can be written in. the form 
( 4 . 3 * 10 ), 


Thtp kind of problaii dge# tmi arioe in electrafflognetiBU becanee charge i? the 
eonree of th# electromo^etic field and the eleotrgmguetic field being 
neutral (pholona are uncfiarged) it doofl not con tribute tg tta own saurct. 


There are twii obvioue concrete exanplea of tbo dilffimiliiea with tbo linear-^ 
iaed iheoryp Firatt wa eiqiect gravitationnX waveo to be defloctad by a 
gravitatignal field in the aaiBi- way ae light i# deflaoted, (Cavity must 
therefore he a source of gravity, Secondly, the gra vi tot I anal aiitrgy of a 
tnOAa M , radius B Is - W^/R bo that tbe tgtal energy la 




Rq 


7/ 


whicl) goes negative for a finite value cf m/H * 


however, the inoreBslngly 



aELMmsi'ic QtAT^TAridioL rimts 


&5 


^raTitflttoiiel tntt^ reducew t|ae gravitatian&I habs hii 4 if even ftrr 
tipiuil Adti^riiy tili 4 i bfi'tid'frcii Incrilnl and grAvifat-lotinl 

ffiiQi im BMijiitAiiiftci iha total can rinmiji ponitin^ 

tl] S<s^ HiaadF, Tlwriae and J.A, Whaalar* 'er«iri.tation\ 

[tTeBBH, lftT3) Section 4CI.7. 

t2l n.H, Dicke, Ser, Hod, Phya.* 3§3 (1QS7), 

C.B- BrmiB and B+H* Plokn^ Bcv*! tgii (ififtl)- 





















CHAPTERS 

RELATIVISTIC GRAVITATIONAL FORCES 


6^1 pie velocity &f light 

Ueiii^ tlm ptiergy-noiWDtiiia nm th# kkutc? of relntivi^tit; ^ovi- 

"tAtlOQBl fioidfi, httTO pleko^ out tlie teilsor fiold with QOurDe 
thiA coBe the iutaraDiion of a opfieLritony a^etric field due to b Aoiirido M 
vith ft toot porti-dle of duho ffi l8 give-i] 

V ■ ^ 1 (s. 1 . 1 ) 

>fbio!i rE-dkiccB in tlto non-^relatiTriatie liiiit to tbe fopiliar Ne^toninn remit- 
iTio grndi«at five# the jeentoniata force for v/c « 1 bqO twice tbe Newtonian 
force for t/o 1: we nuiy reBMiiBbly £iJO«i tliot tliie forn vlll indeed 
twice the Newtonian floflection fet o fast poTtiole - or a llKbt poisei Before 
nttempticji to oonitmiot the forco lawo, It Is eitreneljr iQ^rticiivo to emniiiie 
a aeceoBairy coiiBC^Qence of ttie gjTiifite.t.ioEio.1 dofleetion of ll^lit: the local 
Telocity of li|ibt atusi depend oa the local gravi tot tonal potoniiol. 


We hove So for oonsldereO the forces octliig on rolotivistlc part iciest 


loCBliaed liuloci of liflbt* If wo coRaider inetead on exten^d worefront^ 



A*- 


T}ie Tvoncal to a plane of 

oonstBiii phnao is rotated throdiih 

on angle in dietanco ao a 

conaeqoence of the |phese Telocity 
Varying with y 


daflection of light correepanda io o 
plane of ocnstent phase, (which is 
aarmikl to the direottoh of pt-Dpegotioa) 
being turned through on angle in paes- 
ing through the grovltotjonol rield. 
Thli Is ochieiradi by a reduction in the 
pbaec velocity of the wave os the 
gravitational field gets stranger 
(Fig,B. 1.1): light poastng clojia to 
the limb of the Sun will travel more 
slowly OD average tlion light far from 
the Sun » 


The gravitaiioryil field thua plays the rol# of o refractive atediuii] ond wo con 
calculate an affective refmttiwe Index. Ve set 




v<y f Ay) - t^(y) 

ty 




V c 
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Ca^VITATION ANEJ KELATrVTTY 


^ • <0.1.z) 

this imiy fa« iduitifiAd vitb thv nmilAgdUja e^iuotiai) ofairAlQed from thiiacing in 
t«rafl oJ D relatiTlFtif parilcl#! 


Aa = 


Ox 





Ax & 2 


tiH 



(5.1.5) 


vherA w JIT« a 0 «usi£y[ tb>& ndrtul «f tJw force lo be giv^D throng 

the gredlcnt of the tensor interaction. 5-. 1.2 omd Cbaptar eecti^oo 6«) 

;( I 

y 

M 

Fill. 8 . 1 , a 

Ve eaky then make Ibe i^entifiBetioD 



i dn ^ W. y 
Q fly " " ^ r " 


(&,1.4) 


Sin^c the- iIofloDtJoD oif n relativietic particle givan hy ttie gradient of 
fjCL* (&/i.l} im iii£l*p«ii<]eiit of iio onei-gy wo expect o photo A to he deflecteil 
hy an oioount LDdopendent of ito frequency» If o pnlae of Liglit is dlefleotoil 
hy on asEront Lndopentient 6f Ita froquonoy epaotrtinif then the gravitational 
fiffld swat bo nan-diaperaive; the effectfTv TofroctlYO index mst tmt depend 
on Croqneiicy, 


tntegroting (5#i«4) in the veok rioLd apprnxlution we find that 

m I 


n(y) - nW =s 




— —T- -i -"y = 2 . (s.1.5) 


Aa r ^ 9 w* mnt the velocity of light to he e * n 1 anil eo with 


..1.2^ (»,l..) 

we pchiere csonoiotenoy betwon a pinna wirva picture of light and n puloe [or 
photon) piotore. Wa eon e*e at once ttmt oar full force lowi oannDt poaaihly 
he given hy the gradient of becnuae here we hnve light aiawing doMn an 

it entera a grOFitfltional fields (toapita the teQ<lency of the gradient term to 
accelerate a particle^ 


We Boy at thia atage begin tc ouapect that oonitruotiiig a relaiivtatic theory 
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of grp^ty ^11 tint be Mm oiioy mm it wav to oem^ for the codsMJicy 

of thm velocity of light ie ftin^iMBontol in ipcciol relativity, 

. -JiiT ■’4 ' 


5-2 the eolar gyjtgp 

It 0liodI5 nov he cl*M- that o fiecoiaBry ccJiBequooce of the griivlte- 
tlonal iSefleotiod of electrptMiAfnotic veree ij « re^Gtiod in epeed of light In 
the dofloctlng fields fhi« ie oheervebl* and coutliutoe a fkriher opperi- 
Bcntol toflt ol relfitlTietic growl totioEit 


If radar la bownced off ■ planet when it to near aoporior eiHiJi;niotloi]t ho theit 
the line of ilgfat pooHea oloao to the linh of tho Son, there vlll be && exoeee 
delay introihicod in the tinja for the round trip» The cheiigo la path ieE^gili 
due to doflectloD in the Stiti'a gmviieitloiiAl field lo aocond order ie th# 
nil quAiiiity Otg/ro^ « and bq va oan coi&pute the tlBO to firat order by 
oonflidoriiig o straight lisa trejoctory (Fig. 



Hio eac««s delay io tbo eecond terB^ We ewaliiote it in pleeea» The oxoeea 
delay iatroduood in goiog between Earth and ihe poiat of eloBewt approecli is 


3GH 

t 




and in going botwaon the point of olaeoAt approach to the Sun end tht planet 


la 



The one>-V4y jonmey between Earth oud the target planet thua introchicieo on 
exoeup delay _ 





end the total ezoeaa delay in tbo round trip iw 
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--;^«“i [ -^- f' — i* J} 


vlth b « Tp , «• have ^ 


If T 

e “ 
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It w tak« Mercury «« thii target planet vitfa 


aufl 

we fiad 

in a tdtml time of 
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b « Bg B ■? X i0^“ ea , 

Mg t a X 10 ^^ gm , 
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•• as mi 


(note tbftt loo is tb* tiar tabelii for ligli't to trsvvl only 30 km) , oiid 


9b 




-- 6.1X10"^* pCTi"^ . 


Th^ planete HerCMdryt VectUB nud Mare msd cartain vnitflble space prutiae bave 
beeo uaed ea targete; c^rreatly the prediaticDe cf general relativity are 
rerlfied at level [l]^ bfe sbauld ngte tb*t a leeBaureneRt ef the eoeffl- 

olant in (0i2»4) reoKiTefl tbs need tfi lu^w pioxietary orbita irltb great accurncy 
(the heat way ta deterMua then ta by radar rangiim} and alao svcepe under the 
rug Bubtletiea relating the real earth baaed systen of ODordimiteB, isiereed 
in the Son ' a gravitational fitld^ to the ideal I sad cooriliantOB w hove nsed. 
(S«e Ntciion 


Am we pointed ont in Cbopter the refraction af radio wavee iu the aolar 
corona cnttplicatea neanuremant of both the gravitational deflect ton of radio 
wave a and of the excoee delay intro^ced by the ftolar gravitational field in 
radar rnnging. We nay oov put in a few no^era. 


The equation of notion of n frea alaetroj] in an electric fiald^ Qeglectiiig 
any danpingY ^ 
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njiia BO f*r a fixed rr^juifucy gy 


X ^ 


eE 


eE 


fB.a.B) 


and -B pingie oBCillatins vl&ot^rtiEi to &d oaclHating; dipole moioeBt 


• ■ 5 

If tJiere ire olaD-troiiB per iiBit voLuiiai the dipale mamctit per unit TTsitnae 
i* ^ 

■ 1 / 

and the suiceptil^ility af the gia nf free elactrvup ia 

V - 

X = ■* 




The dialoQtiria f^nataut ia thus 


4nN< 


and the rafractive indax 


C = 1 - 


, 2itNB^ 

n =/e* 1 --^ 


(s.a.a) 


IB to be conporod ^itb tho r«frsDti«o iuri*x 4a • to groT^ty 

2CH^ 


= 1 


* 


In a graYltatioPol fi»ld lli* ptoo* Telocity ia Toducod <i 4 id tbe aedins la non- 
diBp«rolvo> In 0 cloud of eloctrona tfae pbnoD velocity !■ increaved but the 
■ediiiM ie diaperiiTCa A beov of radio itavii-fl ia defie-oted dvbj frtm the Sun by 
flleetrood in the corotm, but a pulee trereia vltb the in mdi 

a diapersI to MdinB], 

/ 2nNo*\ 

■ 

Ve therefore vent te eoppore the quantities and SitN . If 

ve take N ^ 5 X 10® (*■**, [2], tben the ratio 

2ttN 




X2 


20 Ie 


3.7 X 10“ — 


tc 


vhieli lit appro xiutely 0»& for ^ = ID^ia , re E * It should at enea be clear 
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ifhy ItBpatit paripaet^r* nuller tluii n fvir ^aL&r- ra^ti h^Tit not boon oiod In 
tbeae ptndieet tlio d«flo<erilQti menaurBanentB ot 3.7 cm , 

asplijy^d iKi Inpbct than; ID]^ , 


^ 301 , ^ 

^ +:rF = ^ -TT 


5.3 Fiarttigr roBMtrko oa ibo yarioblg ^algoitY of iiffht 

Vith our toDonr thooir^ vo Imv^ de^co^ ozi «ffectlTn rofraoti^o iiidoz 

ro* 0* 

for fi apfaErieolly md found iliai Llilit alava down an it 

antars b graYitiitioELHii fi«ld^ a»,iplt« tko of foot of grftdfant ttfaa iuoreaaiiig 
the toDiDantuiii pf b parti pis» We uojot ^porolb fop oztra foroa tanas M^yumy In 
ardor to hove ooirariBnt forqf lmv9^ liut vill do well to retaombor tJaat a rolo- 
alty T a&n dedroaea iriula a Bomantroo sft inoreosoa provldad tha maMs m 
dhnngea faat enougii^ (In special rolati'ritjr with a constant fnrea 
BO ir-» c bccenae of thm relotlTi stio increase of inertiol amaa^} Mb have 
here a bint that m9B v»Y depend on the local ^avltational jratentialf baring 
niready found that the Telocity of light depuida on the local potential» 

4k 

We may note anotber Intereetlng result. The dijuDaionises quantity 2tSf\/t^^ 
Deamres the obange in the refractive index of HUpty apace in tlio tieigJiboTir- 
hood of a DRseir-e body such &s the Sun. But nil ottr eaperlMBute are done 
idien ve arc already imiereed in the Krovitetioual field of all othor bodies In 
tbe iroiTcrse. The potential at the BSdtre of a ephcrc of conatont doosity 

J <^pT^ (*r i, _ sififl pH* ^ 


- G 


end BO tbs qnantity 


3 ^ 


univerae ^ 




universe uni verge 


If we take ®* the Uabble redfuai ^10 cb Emd for the Bsan dea- 

elty of Batter, 
then 


' univereo 


16 (still a very Pneertoin niwhep) 

^^MBtYcree ^ 


which la B nmiilier perliaps eurpnsingly close to unity^ doneiUerlug the large 
(doAkioloficpl) nimliicrs fed into the caldnlntion^ ^ere w hirre a hint that 
perhaps our local physics la datexmLced by the properties of tho distant 
parts of ths imtvers# 1.42^ through the long rnnge gFOvltational interaction 
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^hichp imlika Bl*otrc»ufnetic frff«ci9, ctumoX b* cmmUcO o^rt b«cAUfl« there 
□re na DQgatl^e grevltati^Ml charges- (Sc« oeetlon 10^5-) 


5^4 £pF_ge liin»a anfl egnat-ioiiH of motiop 

In orfler to itfttanDlne tiie equitlon *f Mtioti of m teat pertifili in a 
grdrLtatiemil floJ6.4f w* BUit ernluftte th* faroe on n partlclej not ■ forci 
doLsltyr na^ term imiat be gede^rDliaation 


^jy- |JV 


in tlifl Kwtonian limit« 


Ibin 


*»P 1 

dt >V- V 


+ otbor temi (0^4^l) 


end swr« 4«DorikIl7 tbe time doriwti’ee of tba wiHn-tiiai-eaorgy fonr-TBctor pp 
irlll be iivan by 

= -ir T b + other tame. (5,4,2) 

iH ^ WW ii9 

Th* other tor™^ iHUiit jpareaninobly b* of fonSi 




pw 


noting thot the only other posBihle force field to couple to T is ^ 


which giveo nothing new becanae and h^ era aynetriCi Then wo miet 


have. 


Bh. 




db. 


(6,4.5) 


-Ifl , 1 T + 4 T 4® 

and we have to deteiMijae the iinantity a in order tov^^tabllrti the equotiona 
of wtion. 


Coneidor the apbeTloelly oynwetrie fields genorated by a source H, the fiolOi 
not being explicitly tiiae dependont. Tben 


CM 

>*11 = ^28 = **33 = ” ^44 * “ 'P = T 


HTid we can writtp sotting t*.l for cowenlence 


% « “"#v 

^ * *"■ Vv 


ah. 


0t 


(6.4,4) 


where 


- _i ^ . 

't = ”ir ■ "^4 = * 


‘fctiti thi qaantitlea 4(j not nfllie up a fatiir-vecrtDr. Kioa olobn Bq/at* 0 
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^s-B(l+'r®)vcp - asTT.^tp ( 0 . 4 .ta) 

'’P 4 aE 

-g^=l 0 BT. 7 qp , . (a. 4 . 0 b} 

It It ptttiblt tg vrite tliege e^igolldllJ 1 b ttrmB of a giogle scaLat potential 
qp only becAUSi^ vi> or* cod*li 3 eriQC the pAJftieiilflrly c!ii«« of m ephti^ie- 

ally lyBBetrlc eottrCB at reat in the rafueuee irwe. It mvLAt al^ya be 
mcoabereE] that the greritatioiiAl potential i# a (19 eeaBjiDiieiit) aecond rezih 
t«n§oro 


The rat# of olmii|£e of kinetic energy Lm the aoaXw prednet ef force and velo¬ 
city 

dt “ -' IW ’ 

Thli !■ faBflinr In olBBaloal meotuuiigg; it alao holda in Tglativiirtic ■eeha- 
nica slncg - = “4 naltB vltll fi = l) wbence 

* dt *" £ ' dt ■ 


In order tc octlsiy thie relotiota ve mavt vet a = - 1 when and (h) 

become 


“ ■ - m{i + T^J V p 


(B-4.9h) 


¥e Bay note that (ha4^9h) 1# unchanged in the Nevtcnian* Limit, while (d.^odi) 
roducea to the Nevtoaian revolt a# v ^ 0, Bewritiiig (9^,4.9a) a« 

^ s'- B 7 ® - ■ {r^ 7 (p - VT . 7 [pj 


we Bee that th# eecniid term can he written aa 

mvX (t X ^tp) 

and iq alvaye at right ooglea to the nation. Such a force a&og no work. 


The tern in 7qa hoe no cq^cnent at right anglae t® the direciion of 

Botioiir The only force tem with a canponent at right angloe to the direc¬ 
tion of notion le 

- ■(l+T^) 7 (p 

cuad so VB Oo indoad (*t twf«e Uia Ifevigiiloii dBflaetlon of light, trn mpplying 
the treatnent given In sect ion !.&« 
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W* thui Infwr tlmt (5>4.4]l *1300111 b# writt*ii 


P IJ 




for the ce5« of ft fienornl gravitutloriol Ho^Ter, ^bile fi^ lea foujt- 

vector^ ti i* differentiated with ronpori to tlBe^ mini ofl tti» ri^t Imnd old* 
we boTe ^ 

•w ^ u V 

^ ®t ^ 

Thiii altbongb thi* eqyetioci io ottreiatiire, wo aniAt see if li 1 * indeed Loren tat 
coveriont^ We mmy write 

dt “ dT dt * 

The proper tljco t ii nn itwnriaat end bo ^p/dT le a lour-Te^rtor. With 

dt dr dt 


we hwve 


*»p 1 !I±£! \ 

dx * dt tfT dT i- ~ , J ■ 




llie'qniintiLtf m in the inertial paes of the perti*^le end 

M = fiT (1 


iO 




¥c can ttiertfore write Ln the fora 


to dr^tayjdh^ 

dT " \ 'SF «x 1 dip ‘ ’ 




fB,4.7a) 


wbitiB io iddeod ovnifeetly coreriant. 


We may tmv oflleoiate th# eccelcretioii of e particle in • ifravl toll one 1 field^F 
We have the equations which kIto the ret* of ofiftPee of energy and 

MBeutma And mat cgudiill* Uiem nutiag tlut bemilM MM tppTMBM vitb velo¬ 
city ths i<Bte ol cbnocB c£ vvlcclty will fac Ibh thmo th* rnta of cboncn of 
BKMDontiuio Given 

P m ET = »T 






Biid 

aa T — 1 o 


V.^ = - V. 9fl, +y^l.lcp -O 
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mAvmmim jm helativity 


Jkit In ih# prnriotiA «ee^i<ko found itut ^ deBOrlpilaii uf tb# 

prupagntiaD of light in a graTitJitioiml ocnild onl^* bo iXbtAliiEa «iili 

0^“““ (|(1+3<1^ 

or Q = 1 hilb 6 m l fcF owoy froD tho iourf^, 


cp 




® “f.- 4 4r 

d(p 


^th 


iO 




i, Siluo 


dt ' ^ dt “ ^ iH 


t- 




5Q) 


at 




Ztp 


(S,4.10) 

file. 


aod thid rmmilt ohonld aloo hold for m partlqlo In the lindt ^ v * 

cp 

(C«4.&) and (A«4«1D) are thuo Ipponoiotont, Wa oyei. cKaiiiiDe tha Booiu]|ptloiiB 

ui«d in Bitraoting (h.4,B}.. 

Ekituition (6,4.0} wBi oosmtmeted fmja (h»4.T) , ualiig £ - (6.4,T) 

in turn ilepcQ(l«d on the Idontlfioii'tloD ^=-1 ^ ThiE iiaj obtaipad by liialatH- 


iftg that 


dE 

"St 




«bioh ip turn dfipenitod on th? relation 

E* - p^o* 


p" 


In opecinl ralutlHtj the relation p ^ yloldj 


B 


ta 

0 


1 - — 


(6.4.11} 


Yhiff ralatloct givoa us the olue to the oourco of onr Inconsiatmxty, for 
fij* (5«4.11) ii^lifffl T *o. In a grwitqtioiuil field «« finri tba local 
Velocity of light 1* reduced, and ^tre Imve no hope of finding the aawlaiwa 


of pbyaiCfl in all freely falling franea if partlolon cftn outrun light in a 
graTitational potential. If ire lAifaatiiuta for (6.4«li) the relation 


E ^ 


"p* 


yr:^ 




ia.4,ia) 


tha tDBXiiBiiiL particle velocity i« than o ■ Seeping 






ve obtain (&,4,i^) by aetting 

£ =ijEt = (l-Eq:)Ev 


(6.4.13} 


and bare we are dapai^ing |pogi faDlIlar epeclal ralativiiy* ^en 
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« 6T 



% 

dt 


vn 


m 

It 




del 

at 


90 ttmt to firit or<Wr in tiie potniitiol e|i vm hnv* 

^ (1 +if^) V^p 4 ¥ * jq? (Q.4.141 

- v.itp* 3y2 r .Sd: 


which indeed giVBfl the ocrrect flecElcraticn ae v - t aad we 1iav« at leuEt 
eBiafaliahcd QonvUtcDey with Ski. (S.H.IO), ta flrat order Ih ip, and have 
eqnOtiaQO 

dp 

m - + ¥^5 T(P + Ew V . Vq: 


dt 




(a.4.15) 


togotbor with new klnoantlc eijiiationa 

p H n Ev ~ p^ » (5-4.1S) 


wliiclj BHjr bo vritten 

E ^ 

Hie second of &i8, (S.4.1T) •hoWB that the quantity n la plBTidg 
of th* Inertial ivaofl. The Intorprototion of tbeoe oquntiona !■ howoror a 
little nor* coaqilicated and it la inatructlvo to oouoldor the effBOt of the 
grsviliitioiioi fwtoatiol on the pbysioa of n aniBll region of opoce. 


hZ^ - 



(a.d.iT) 


6,& The gffccte of local forcci 

Cdnolder a particle in o graVitattonal flold i^iioh io ootod on by oobo 
orhitror? force F * for exvopl* on eloetrott In on oton. The cqiutlona of 
nalldB or« 

^ c - E(l 4 I. + E 

^ ^ Et . Jep * Z*Z * (&.B-2) 

H F= iJ iiieia to firvti order In ^ 

Iho quantity B(ltq)) i" *hEd coniOrved in free fall. Slailorly, to firat 
ord«r in 



GKAVITATLON AfC BElJlTIVITY 


AS 


ifiDiC* 


«S tp aqs 

at = jr 

Thia ingieata thAt Mfattb s forvB F ii actia^ we sboald vrlte 

^ (l + Ki) j - Z-I - 


(G.fi.a) 


The qiunt'ity E{1 + ip) ie then aeilqi ee the ener^ in bo far ■■ ths rottiDDSe 
to local fielda 1« concerned. la tbc abeeuce at local fields other thAn 
graTitotino {that la. In free foil) thia quantity ie coDoerecd,. aarraB]»adiiig 
courm t® the ^iqti^Qiatldo of potantiml and kJjiAtie ett^rgye 


Ibii l^outifieatiQD telli ua that If low^r a Mjmttm gdulljr oii n atrLng iuta 
R graTiUtlciiiAl fields ita estrjiy gadc aa B- E(l+<;p) i thia i* ths idantifl- 
catlan vc mafki to cnlduLata th* r«iidiift far NotrtdnlDn gravity* tfe thor&fDrd 
writs the energy of i particle of ireloolty v in a pot^tial aa 

■L (1 + ^ 

E-E ^E(l*q^ - . . (8.S.4) 

vi - 

^iailor roatfooi^g mggejits that va Jiay also vriie 


- Efl+ir*) V{p +£ 


and If F to larg# in coaiiariaoii with tho B^aritotloniil foree tha quantity 
£<p * £(i ^ w) watild then act aa the miieiitmB of the particloi iteadily Iowf- 
ing an atoitid ayvt™ into * gravltotion#! potential changeo iti refl|ron«a to 
the farce and ve get 




ft-^qpj tivm v 

'-'1 - aV Jt ^ n.^2' 


(s.s.s) 


We nay Interpret thie aa giving ua a real loaae which le depandent 
gravltatianal pctoatial 





on the local 


Si ate Ip im ntgaiivo, imse Inoreasaa in a gTAvitationiki field and indoad a 
particle my bo ilovad down despito Ita iacreaelng Donnentimi, 


With these nev dofinitlans of energy, noAentim and r«at meH, wa find 
■o^ = “o^^" ^ + 4 =1 C^fl + 
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tq bq eoiit)flr«d vith E e E{1 * ij) J Ui* iiuantity Ji^ i» aetini m the 

rf«t DuipB 4ii«rgyi Fu^tlier 


E® ^ p^ 0^ m fl* 

and of courae 

(5,5,6) 

<p 

■q fl® 

(5.S,7) 

E - . 

* 

(&,5,S) 

Tbqq all tbi kinamtie faraulae of apocial relotixiijf oiwrgo 

a« heifig locally 


tniB la m oi sjwcfe mher* it doe* not eban^e porceptlbly^ 


Ve bHao wiie tbe 4rDe.-fiill ** 


tfl flret order In wbleLh ^lih 


- s(i +T=^) - - e^(i+t^)^ 5 » , 


—5P - 0 

6i 


£<p” 0^ 


E^v 

“ 

cp 


yield* ogoin 


dy 


= - (1 + r , j?i|) 


vfatro the Inrt tera oomea from the irwiatiofi of o i^ith the potential qp * 

The idflatificetioD ^ in^liee tbe exiitence of aeceleretion 

depBuileDt farc€fi in a gravitatloael field, vhieb have iiat hnilt In. We 
return to thli point io aeotlon ^,5: ifl* may wnder whether inertial aofro to 
in foot dac to the gravitatlotuBl |»t#ntinl of the nnlverme (Mach** principle) 

U1 * 


6 ,fl GravS-tatintLai defleetion nad aravitationni rodohift 

We have now reconciled the opparontly fijacordnfit oboervatioiia thet the 
grovitBtionel redahift li foimd te be in oefloril with eleoTOtnry reeaoiiJjflg, 
it^ild the gravitational deflection ol li^ht ia tvioe the naive valne. The 
force acting on a particle baa a ralntlviatlc terBi of ofdor {v/o)^, one 
piece of vhlcb eoia in the direction of end ih* other piece of vhich 

ecia along the poth of the particle- The grovitational denectioo ia ihi# to 
thot coDponent of the lorco vhich ia iiomal to the path and thi* i# BMiltiplied 
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by » fnctor fl + ^), Aliriji* in* r^uired factor of 2 Ld tb« dofloetioa of 
c 

lijhtp jAh um^antfril fei'Ctor Id the energy (ji be^Biiae the^ two pL#oeB 

of the rel4tiTi«tie eoTTection taken together alvaya met «t right to 

th* not ion ojid do do not of foot the energy ^ 

If TfE oilopt A wave pic-tnro for light in onr flat space ocHirdlDotoi w* must 
orgue Ip the folLowiilg vaj« Hie gravltBtioaal potenilal aetp op a dltlec- 
trio, Bfid ia a tine iodeptn^nt grwitntiopal fi#id the dielectric coDBiaat 
to Dot explicitly tme dopendont. Ccnsequently the frequeiicy jj a comsiatit. 
The fret^uenoy vith which the light |a eoiittsd nuBt Cherofore he shlfteil hy 
. Far a coporete exu^lOf onpposo VO Ldwof bd electrop and poaitrop 
Ipto the patential* The roBt energy of the pair ohaDges by + Setting 

hv = Bc^ we eee that the mmihilatiou photon o are Bhifted ip energy nod fre- 
qnepoy hy (1 + £f?) with respect to finplhilatiop photoiia proceed opteide the 
potential, bda do not ohaege thoir total energy ta falling freely out of the 
graritstiotml fields 

The frequency of rBCtietlop pro^jcod clanaitally reflecte the frequency of the 
ofiCillator. ¥» mist therefore find thet the frof|u«iioy of bd oaqillator in a 
gTBiritatioiial field ie re<^eed by the graritatioiuil |iot#iitiiil: for a oodjIs- 
tent plotura elpeka mp elowsir In b graritotioiiol giototitial ^ In both the 
tensor and BCaler theories we have dieoueaed^ the mechnniBrn vfileh arrangOB 
this also affseta the lengths of moainring sticks ; grarltailoiul patoutlals 
diitort the inatnuiepts we uae in flnrreying refer'encB frames. Hilo iq the 
subject of the neat chapter. 
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C HAPTER 

THE DISTORTION OF REFERENCE FRAMES 


iDtrodpctioii 

In ths laBt etadpt#r ve fowd tihai a gra¥itati{>[Lal potfeul^ial diangev the 
velocity of Light io tbnt 

0 c =5 eft * 3cp) 

qj 

And alao cbangeB the peat- e[ler|[y of an qbjcet 

the latter ralaticii laplying; that thm tT^qumnej of a periDdit laatidzi is 

choiigeil by n gravltAtiCDCl field 

Ol "* 1J(](1 * 

and hence that elanke are elcr^fed dorh^. 

If ¥* wtali te alifrate ttia prwplpie cf eqelmleacB of inartial and gravita- 

tiocal main fparbaps batter eallcd the prineiple of tiniqye gravltatliciial 

accclermtidn) tc a principle i^ieb aiatea that 

^ In all loeallsad freely falling fTamea th* lav* of phyalca are tb# 
MUBB, lerente eovariant and contain the ^wm ncmierlcel canataiitR 

than ve nuat find the flane ttiriierital valiie fer th* win city of light In any 
freely falling lecal frmnai Far evny fro^ the Dcureo ol the gravitatioiial 
field me a clock to tijae ligtit over a path in the lahoratory Beaeured 
with e Bcaaurli^g mtick* The wbale Laboratory i* nov ncveil da*p into the 
grovltatiDnal field and the weeiurcHent repeated* Vith roapoct to the refer¬ 
ence fraziic far away from the amiroet light baa boon aloved down, 

e - c(l4^2t^ 

and tbe clock haa been alowod down bdt by a iBallor ADOimt in The 

volocity of light rla detenslnad by the ratio of the length qf the raeaeuridg 
atick to the nuisber of ticka N of Ihe clock whila light ia travelling frooi 
one end tq the other, N ^ (iT ^ 

Cp 

^ L-L =Lfl+®) 

then ^ 

5^ = 1 (x + ait} 
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^amTATION AND HELATIVITY 


Mui ib« nwAsurli^ Atlck Is tcmtrncLtQd bo tbst a owasnrB»iit of usJuji 

itttnd&rtl MBivrinc sticks and clooka inarsad in tb# sasie fiald will fi«ld 

• iV 

ths fAffle iiworlcal result for the Tsloelty of ligbi. as aa iiSantiaal ai^Brl- 
Mat performd far from the soaree of the potantiBl 


An sltcmottvB way of atatizig the sbdo roault- is the following. ¥e have 
inferret) that atoKio olooka if ill be elowad A Dlock 

ODoId niao he r-onstrootofl hy bamioiiig; a pulse of Light hadfw&rdsi an^ forwariis 
hetween two virrors of koowti saparatioa, Lf the lava of physics are the sane 
in Ekciy local freely fslXiDg fraao, this clnok smst naintatn syoohronfsm with 
on ptoffiio olooh aa the pair fall ickto a gravitational poteotlil^ Light is 
slowed dowo^ o ^ c (3-4 2^) and so the Light clock will ha slowed dawn hy thi« 
Bzoomit a 9 |^ fi 4 0^) cLUleae the structure llDklng the nirrors shrinks. 

If L ^ L{1 +qp) than le^ (1 +^) ateiBie and light cLeoks nesnxro 

the iane Looal elapsed tive* 


Ve Hast therefore examine the physics of atoais in a graTltstioTial potsntiaL^ 

Vo estpect to find that stoaio freqaeuoies and diiaenjions are both chough d hy 
ft fftCtST (i4 ^ > 

6,2 Atgaii^iLni arwitaiinnal fisUst the chanae of scale 

We consider on atois dssp in ft potent I ftL ^ and Ignore the fravltetipoai 
force (wtiiob ws can always do hy haviDg the ateffi>iii free fall) and the tidal 
forces wiiihEi for on Otm should b# aoiliflbl*. W« then bsve for the enniin- 
tua of ft porticla of bbpb 

■^{l_ s^ 5 p) V 

ViTtv ’’ 

and D ■ (i- Sqp) The change of nes almne ie anffieient to ehoiige the 

htoaie structure in tbs presence of a gravi tat Iona 1 putentlaLi hut it coniiot 
he the only effect* 


It is adequate far anr purposes to uaa the slifpls Bohr finilel of the aton^ Ihe 
aquations governing stoadc stroature are 

3 ^.^ (e.R.i) 

and ths Bohr condjtica 

SIT r = hi , {a*2p 2) 

(if ve wore ooestmetlug a classical andel^ (g»2,2} would be replBced fay 
mv r = conatant, conservation of augnlar Mmdentuii,) 
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Tbe chAraotariBtio dinuimicti a£ thn tbe Bobr rii(Stu«i i# fivao 


BUIS 


*"3 



m« 

■ 


(e.2.3) 

(B.Z.4) 


We eicfkedt tha clactric ftttl43 %hs% bolda nioa Lagetber ta ba nodiflad by 
the grcritiLtiaiial patantislf £or the alessireMa^ette ^nei^y^Hiuwiituii tanaor 
i« coapleil to ib* patantlal ^jjjg - effeest qf thii Daupliiig oo eleqtrq- 

nagDctlq vBveB aauld be rajpreaented by An nffaetiv* rafractiT* index iiHl-2ep, 
Wq also know that thi 4i«et]i>oflt4tic energy of n aynton vafiaa aa (l + or) froni 
the £eftvtf«-Dicka expariiiiHita. The energy rtenaily in an elaotrlq field ta 


and 


0rr 


I' 


(fi.a-B) 


V p - *TTf3 


(b.S.S) 


in i4anaicaj alDCt roBBgnet ic theory * Thun 



and tha aoergy t atorad In a ^atioa of dlBenaion r ia 

e ^ ^ . 

€T 

Sucb a pyalBi nauLd be a ea^^citori or pairhapa an atojaic maolena* If ve let 
e take up the effaet of th* gra^intional pniacktial on a giTen field tbec: the 
effect of E together with the cbnoge in r oauaed by the gravitational 
potentlol poet <HmIatively ohanga ft by a faetor {l + Cp) * If therefore the 
dUnenaionfi of a phyHicol object Tory ae aa T?a hare guasaod^ then 


c = 1-2 igj p 


(e,2,7) 


3 

Subrtlixitfl thip fa<rtor in tha aqnotioni iSeaeribing thB ntna by roploclng e 
by aVc in Ee^a. [6.2^1) ond find 



Wo alao nnat replone si by p(l—3 4^ tn find the dineQaiana of tbe alectroD 
orbit In tha potontlol <p and find at onoa 

’’a " 

oa vq aapected. We alao bnTO ^ ^4 

g ^ ^ ^ i '**' * qp) m m* 

end ao tmre achieved nn antiraly oontiatont picture« 
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aUVITATlDN AhQ) RELATTVITY 


We may sleo nets that with magnetic energy dtmait^r ffiven tay 

uHf 

Sit 


(fl.a.a) 


anil 


=Ti 


whart t Is tin valocHy e£ li^t far from tin MurcB q£ the grwltjiitlonBl 

field, 

|a|-.i 


and the sukg^etlQ eiiarg;y tn af a sjBtena Twia# ■■ 


(0.2.Q) 


With f«(l+tt3 ■fl'* Y(l4,Eq^ , then vi-il-Stii « the Baenetio 
mergy ef a real phraical ayateai ia nlflo to T*ry aa (1 4 -k}* Ve tharafore 
lind that w« have a cia^letaly eciieteteat pictwe If we act <;■ u-aafl 
this ii»renv#r ylelfla the alfectlYC refract I y« inftei we raqaire for aleetTW* 

Magnetic wawaa, through the ralatiao _^ 

a ■ */ e ^ . (S.8.10) 

The quantities g and |j. play tbair usual rolaa fcr both static fields end 
and an at*Mio oyateB is indeed Bhrunk and aloved down as it i* 
lowered into a spherically iry™Btric gravitational field. A oapacitor 
sbrinke and its elBctrlo field ia diluted se that t {1 + ^ and m infer 
froei thB HJtvKs-iJiehe experinenta that a hdcUieb, held together hy forces we 
bffT^ ivt canfliderefS, Mhrinki in the sniu-e wayn 


In OUT oirlgiiuil iittenjp'tB to qbIcuId^o the dftfloc'iiuU of Light in n gravita— 
tluDAl ffoliJ w« folloued two ApproocheD which govt the wubc rsmltsa We 
firut udoptod ai im tho prin^slpl* thut light travols in B-truii^al lines 

In a freely f el ling reference franc- SeooiuSly wo wnlunted the ^^leutiou 
by ealculntiiig the change of moBonitui *je to a Newtonlon iorco* Ihcse two 
ppproachee gOTe the aaifle onmferi wrong by o foetor of 2e We cun itow seo 
that with the plctqTe of gmTitotion we have developed liifht ii iSafleeted hy 
twicie the Newtonian anonnt und yet atlll trnvela in oireight linaa acrtios o 
froely fnlliOg hoac- A ^yotm nf neannug rode i« dlotorted in a griiwLt*- 
tional potential eo as to remove ihai pioco of the curvature of light that ii 
not rsnoTod by the gravitational euoelerition. An obsurvar loeated in ouch 
B refsrflDce frawe baa however no way of ibitaeting tbio dietoE^lons 


IEEE PISTOSTION FRAMES 


76 


Id « diHtoDa? Ak the itruvitiitloEial fleflfictiod ia the tenesr theory 

iCL s: . (e^a.iij 

r c* 

E&lf of thii (lise|ipe*!rtf if till refireace frame t« fall£fi£ freely. 

PiJcrtf the OeflBctiotj le iKAiweC irith reipeit to na upfltBtorted refer- 

oiiee frame a large Oietaitit from the lourre pf the grev^itatlonal {wteatial, 

CaDeiEltr a he* which wheu aarveyeii in this Olya^hiac Teferenot frame i» callical. 

Take the eome ha* anA umieTiii it tn the graritatiaaal patentInl. firap the 

palat af view of the OljiiTian abeerver^ the hattam ie Shrunk nore thM the top^ 

bat the laaal abaErrer in the hoi haa na way af tell lag that hie certified 

reetatkgular frame im heat like e banejui. He caunte th* eim member of atoiaic 

diaaaetera at the top as at the hotion, and ha fiads light takoo the asmo tine 

(oa Beaeuretl by a laral «lotk) 1;^o croii the hattoia ai ta araiA the tap» If 

the hoi Li af ilfle Ah th the Olyt&piaa fremE then tho top le at a poteatial 

qj_ and in of aide ^ 

T / ^T^ 

iL {% * -^) 

and the bottom £a of aide / 

LL (l . 

At (1. ^ ) 

L. 

Ax 

Aid-in ) 

c2 

Tbs diatortloa of a canrlaoliy roctongaUr bo* 
by the dlfferestial shrltikiiig of tap and 'batton In * 
gravitational field 



fhe aagla between the walla is thua 


1 A® 1 6® ® 

Ay ar rV 


Ax 


If light la launched at 90^ to pno wall in a freely fall lag frame it ioplngea 
aa the athcr wall at The laoal obaarvor thni claims tbat^ tt hoa trerr- 

riled thraui^ hie referoace syatejo iJi a atralght litie# The Olyo^iaii abaerver 
agree a I and oonitraotB tha gravitatiiifkal deflectloa af light ta ba obaerved at 
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GRAVITATION iJ® RELATIVITY 


Lorg-D from th« ttCCBlftnttion of tb« obsBrvdr pliLi th# ftidtoiftlfiD of 

the la^al frame. 


If tliB local frame la apt freelj falLlilg, bat is at reat^ the lo-oal olsael^ver 
Kill ae« a lieflectien 

GH 

Aa = hi 

an^ viLl observe a reaElinf GM/ oa aei acceleraiaeter. Tbeea obaerrAtioas 
are in aacard tba pbaervatlpCLa that nqalei be in a apace vebiele «ltb 

the HAme accelerometer reBdiug, It li thus the dtstartioa of meoauFian rqdv: 
hy D gravitational potential tbai baa inlro^ted a atm feature and baa el lowed 
lDeall3^ e^ivalent pb^aice in a gravitatIcmal field and a iipe-ce rekieje and 

Jih 

yet tirice the ortgiDaXly expected deflection of light. The flat apace coordi¬ 
nate syatea ve have beeti terkitig ici in perfectly well defined, but la tmobeer- 
vnble in the content of preaant day phyEica: wa would need sDniething Like ibe 
bypenaveo of aeience fiction to Oateet by local meaeurniiienia the diatprtion 
of atandard rods odd elocka. 


Wa Hoy eiaffline what would hairpen with aitber the aoalar theory nr the Kevtonian 


theory by writing for a iphorioal flold 

^ GM 




a 

m 

r 

D 


0 

m 


D 

D 


m— 0 


V 


r 

0 


^ 21 


^ / 


(6^. S.IIS) 


where a s «! for the tenoor theory, o b— 1 for the Bealar theory and 
for tbo Nowtonion theory* Then Iqa* (5.4*6) become 



^ n f 1 + a^T^) V ^ - an b v v „ Vqp 

[IMV, 


In order to eatlefy the relation 


dE t 
® dt - £ * dt 


wo nuat eat a =-1 when we have 


(B.3.14] 
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— = ^ in(i + *T^) _2f + 
d£ 

— =-a V, 7^ , 

ta m Epnlur th^rj there !■ no flefle^leia of li^ht faooaui« o =£- 1* aBj 
therefore flfet £ - Et (i-a^ £“o£x witli ii=l) end fin^ no aocelOratioit 

Of V — e , 


Ih thf fcalar theory wo tboroforo have 

1^ = B{l+(p) 

P® =£{l-“cp) -£(1 *q)) 

« 0 „ 

<P 

Hie nofo therefore itofts aloo bo (i4^« wd for aa atoa 
r- -^ , E , (H ~ H t** » 

Since im not deflected the •ff*etiTe dielectrio coDetent ii plaaiLhly ^ 

nnd fro Pgtp) oad E ^ ^ll^(i^qp)« Tbot ten^hi ax* ex^aonded and 
cloche ere flowed down. ¥e cleexly fit tbe «■« gro^rltationel redo^iift. 

Lifht apiln goeH etroight acrosa a freely falliDg boi^ aa Been hy an oheeroer 
in tbe box, faecouee Dlthoogh fr-im th« pniEit of vi^ of an Dlyapian ohforror 
Light if not deflected, the hottoa of the hox ie expanded mar* than the top, 
inihiclng the oppomite effect fraa that obtaining with the tenoor fields 


In the Newtonian ceoei ve hAT# asO^ We require n » 1 - qp 

£ a n£w a (1 - Et » 


Theti 

H -* ?qp i- STT.Tqp 

and aa t 1 

^ 1 
i'at ^ 

irfiloh ia the cQrr«ct deoeLaratioa, 


and Bet 


We then identify 

c E(l + fl^ flE naaal 

p^ a (1-iKp) aE£= and ^ ^ fl*"Cp) a 

(J! -fcr (P d 


7$ 


mjivmAnm Am HBLAirvinc 


WitJ) and ■ . n(l-qp) tn# B^lur radlua ia uncJimisca^ 

Mre E ( uu ^ ^ i + In th* Navtoaian tli»Dr|> [an equal nixtura 

af ianaor and acalar) iliara te eio> distortlan of oaedurin^ mdn aiii:^ tlia elnpen- 
tary reaeaninf of Chapter 1 parnrlveg. Cloofca^ af cnuraep are ttlil affe^tad^ 


5 ^^ Tha velght of an atoin 

Ve liave been mrftiiig with, the fielda and ras|K>naea af paint madaea in 
the la at fen cliaptera and ImTe fonnd that the fim^liattoiuL field aniipl*# to 
the euerjiy-maHentuiii tenaort ''tiliih for e parti olo Intefiratea to 



E £ 


at at ■ 


In both the ecalar and tanapr caaea the foree ie a function of velocity: in 
portlcttlnr^ o portiflle mrrin^ at ri^t onilcs to a field - ?cfl i^erleacaa a 
force 

-It (1 * v^) V< 3 p tanaor cfliie 


- acalar caao« 


Va have tacitly been onppoiing that a cui^aite botind oyataai like an atom 
faebavea in the ame way ae a particio: iodned it ia clear that thia snuit be 
the caac froa the £iltv^a-4>lcke expariiujiti. In particnlor wo aaw In Chnptar 2 
that the pavitatioDol and inertial Baeaea aaaociated with the kinetic enorfy 
of the micleone in a nuoieua Hust be e{|ual to within 1 port in # The 
typical iHBentuD of nucleon* in a nuclatie in given by pr ^ , with 

j- pv ip * ihe veinoity of anch a miclaou ta "-■10'* odo e"^ - The 

relotiviatlc correction to the gnsvitationol force, acting on mch m amaleiini 
clearly doea not Minifeot itielf when the nucleon Is bonnd^ soaietliing; can- 
cole these tenaa^ 


We have a bint as to what thii could be. Cgnaidering only free particLee^ 
we pnatulatad that the gravitational field cduplo* to the conserved energy- 
manenttiB ietiflar, the energy-eHmntmD ienapr of a little piece of a hound 

oyateB (like a nacIeocL in a Hi^cleua) la not conserred^ ^ther than write 


we mrt write 

where in the force densityp 

ench that 
|JV 


ar V-” 


^ ' 9 v 

The conserved tra-sor will be aome couatmet 
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7ft 



oiafl it fi^vilattiiQ ifl to coupLo to m DOOBcr^ed it i# to 

it wnrt conplo* 


H ^ that 


For a cmcleoa ija a Byaloua, the kiaatlo enargy ia oot caODorvod, but the aina 
of kipetic and pot{fi[ti.tiaI ooorgy ia oonsvrreO; it i* to thia that BTwltatioii 
ooapLea^ What ia the aualony for laoaeiitiiP 7 

Coo^ider th« opoltODi in a cuoleiia ap a gap oobfioed witbisa m boa^ For a 
plogle partiola wa havo Eq. (G.4.4} 

MM b* 

-dt - ^ V ' ■ Vv^ “"pv ‘ 

For dp/di ve attract 

. .(t*T*)V:p+,YZ.2(p 

ubere tbe tarto in oomea froai and tbia other terop oaiia froa 

(i = The mm of nuclwaa ia clearly not eqnol 

to Mrq, tut reflecte the atan aquare irelocity, HweTrar* tt* auB over all 
naclfeona of termff like doaotee tk^ rata at wbiet momeiitu* ia inoident 

in m givan d.iraotloH. it the waUa of tta nucloar boj this taobnoiitura is 
tnjraed around ty the preaeoce of itreae in the tfalLs (extemal forcoi an far 
AP naclaona cunfinad in a hojc arm cDnoerued)^ On Integrating over the whole 
imclena the atHfl of the preuaiir# axarted by the tinelaoaa and the atreisea con- 
fining them Jiuat be aero for a bound syatiwn* For a ayete* at rBot the parti- 
ole part of li juai the preBOurei gravity couplfra to both thia and the 

fftreeeep, and on integretini to get , the tya parts c-ahOftl for a bound 

oyetHD* 

We can pot the whole thing in a plctnroague form by conslderiiig the equation 

cto 

s - Bi(l +av^) + F (6,3,3) 

where a ^ + 1 for the teneor theoryi and -1 for tba acalar theory for a 

partioL* In a Ensvitatlonal field. The forte F repreaente the 'apring 

haLoiiee^ from which ii I* humgs in oquiUhriua 

F = m( 1 + a v^) V® * 

Confine a fee of such p^rtlclea in a box of volnwe V » Let tbore bo n per 

wiUvoliiiifi, Than £ . q.¥( 1 + a?) f ^ (6.3.4) 



tmvTTjrroN Am w^rrm 


ao 


if w# take no BccouQt of fltrcis- 'Die tar^i iimv^ give^p tbe prepBure axpripd 
PD t|jp Wills nn ? ^ 3P- 


If the bQi ia toiferc<(3i 411 infiniteainal distance Lato the potuntiDl its piz« 
chatiffiB (fron thm poiot of wiwv of tho Olytaplon reforttoco frMo} hjiiI ciaiiqe- 


queatlj 

V - V(l + 3p oi- 


Piute 


ThizB 


L-*L(l4P<p) in n flold cp. Tbou 
P iiV = umv^ flV itp 

■ nffl^ olf 94p. - 

£ * ■ ■j^n* V +p av I 




repreBBiits iJiB wrk (lone IP wring oa InliuitosiiDiil diatnoto jf , It Is only 
the first term 00 the right hand oido tbot corrospoaiie to voight^ for the 
Beoond tern Is oanoelled by the atrosset that hold the oomplex systin together« 


By Bekiog iKeBuremeDts in a ioharatory within vbieh the grwttotlonfll potOD- 
iial does Dot Very Aignificantly, ue CBnnot djHtingDiph betnreen the seolar 
and tonoar thAorieOf or indeed Any PoUitainB'tien of thea^ It la only by amhitig. 
■eaenreDentH of relativistio corroetions■ orer a region of ipaoe in wbioh tba 
grAfTitatianol potential changes anbatAntially, tbAt ve pop pick out tb« 
correct generAiiaat lad of ?4ewton*a theory pf gra^itption^ 


S-4 rovariajit otmatiana of Bat Ion 

In 0 spberioAlly Ayaietrlo grwltAtidnal field we ha^e inferred that 
the oquatLon of notion of a particle 1« 

^ - {1 +V®) + 4 v 

We would like to find the ODvariant oqcjitlobs oerreapending to this. A 

omelal iogredieut waa pur recognition of the Blowing down of llghl. ahiohi 

again la b irphericolly syaiKtrio fiold^ we were able to express by setting 

0 ~ where n = 1-3®* 

n 

In a storB general ease^ It ie best to start from the Danifestly cowariant equa- 
tiaoB 



which we derived in section 5<4 ne a result of setting 

= - iD^ and m. Et 



THE QIETORTION OF FHAHES 


B1 


together with E ^ a ra^ (relAtloas vt hoTO o.lree% heea forced to mollify)« 

Iq relntiTiatiif; Docliiiiiice thi« jaait£eontoai>^«norg^ four-TOOtor con he wrltien 

dac„ 


" ^0 dt 


dr^ 

£ 


dx Ox 
dt 


Pi = ^ ‘ “s At 

Vitb theee idontifin^tiohtt ve May wrlto 

dK- 4*. 

PpPp % At aT 

-nd ^ 


r * r I 

t*i * ^ 4 t dt ^ at 


the iitffndord reault-e* HiiititHiD these IdeotlllootioQO end write 


a* fla > St ,., 

__i!<_tiU__ei\ , 

at St ^ 'iK^ , J 
P U 


(0.4.3} 


Thla 1 a a aut at four oqunttoDA (ran vfalcih va cbc extract tbe acccLcratiw i 

«tx 4x , 3h Hi. 


i U M f 


o^x 


. dx dx , ^fa Bta. . 
< ^ U- V ■? UV ^ _4:il\ 
ilT dT L Bae^ J 


Now 


Vith 


d^x 


. a^i ^ /dtV 

” dt\ dt d-rj ^ dt KdT^ 


dT^ 

l-Si 

it we dhtBls 


d^x 


0^2 VdT/ “ dT d-r I Sx i 


dx dx , i % 


^1 


1 


wbicli vmn he writtoo at pnoe ns 

dx dx 


dx. dx dx , . 

1 ^ _ _±!i\ 

^ ^4 


dt dT AT 


« X- tJO: UX # CO, 133- , r- BJ , EUj,.,n 

“'dt^'dri'd^ ** "^ ■^* [' (8'4.3) 

socialiae to the tiaw iudopendent spherically lynmietric field of^d find 


dv 

41 


{1 + T^) V T T a ^ tp - i J “T“ 


(ix.^ ax , ^ 


dt dt hi 




a - (1 +T^) + tv i - 7qD 


(0-4*4) 



ffiAVITATION AND BEUTIVITT 


8d 


which In of ODtarfie tbs aumf^T M9 obtalncil Aottiof £ f vliioli 

we fotitid ti^ 110- tEiislati^fiict^ry. Vb sm&t modify tl]« icinowtic ^quAtiona n 

OoVBi'imrt Vfiy-B 


L«t iifl tbe rcla-tion 


ppPp - - 


und 4#t 


0 

m X —2 

P d'T 


Bee from (4«4ii4) that we need tu obtain eqaationa which 

leek Booetbiiik like 


whieli it eqolFBlent to 


Ikeil on tiifforentlatliig the nHimcQtEiBi vith reippoet to t ^ ve hsve 


dT 


** *p - 

da 

_V, 



~ a-r 

dt 



file,fit 


■ 

> ^ 

dr2 

dT 





d^x (he 

dX 

X 

- 2 2 ■ 

_niz 

per 

dT ^ 

dT 

V 

fZs 

%‘"S<F 


* "o dT 



(6.4.S) 


Identify 


Pff 


and obtain 

pa 


(a +ii J 

'per per 


tri 


pe' per s,^ 


dix,, (tx r 3h 
At At I ac 

P 




Tbia is 0 nwn^festly oownrihni equAttoti, and diifere tram our deaired form only 
in ttiB ooeffloient of the qnimtHy first order in b^ w* 

clearly obtain the oqnaiion of laoiLqii we are looking forp Hie oorFeotion term 
on the left hand side ooFres|»oiids to an aocelemtipn depondout foiiT^fdro#, 
detormiaed by the uraTiiationnl potantlal* 

yfe-- 

Ve arc now happy that the oqoailan of motion in a Bpherioally aym- 

aatrit potential objirBetoriiod by ip fsp to first order in ohteiiiBble froa 
a respeotafalo aenaral et|Dation« liet us iflYOStig;Hte th# la]|tlicatiooa for tlie 
energy and mottEatuai* We hare 


ppPp - 


. -2 
o 

dx 

Y _2 

o po dT 
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fl3 


Then* nr* minlfcAtly AwariBH-t eqpaticmfl; ire may writ# 




m * 

n At 


In tl^e BiiiiplA QAAA el Aiagonal we heire 

Pi • St**"!!) -57 

6 .-„(Wt.„)| 

4i 


IT 


Hien 


p = (i+h.,)(i 


dt 


nnd If wa Jmve 


which ngeia with our proriouji lAentlficuti&aa, A r«lated| but Biith 

Aore (sonplicoteEl o^uBtien would obtain for geuerel ” 

It ±B worth ooting the in^lication of the relDiione 
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Thaae con only he true, With an Olyn^ian frave icnroriairt^ if 

Alt X^„ di ^ ^ 




(0*4.7) 


^e recover the atanaarA klumatie relailoDO of opeciol relotivltj on eftaoting 
a redeflnlticn c-f coordijiotea 

X Cbc ^ ^ 
fO fj p 

which pmtehea Hltli our oarlier idoutlfi oat tone L^^L(l + tp) and 
for the tliH ipdependapt epherically eymetrio field: o length la mea^ 

eared in the Olynqiian fraide and id + where L la ipeaanreA very 

far away from the aonree of qp p The quantity 


1 ™ ff Q 


la {to firat order in qj # Write Eq- (R*4-7) in the 


fom 


(1 =- di^ * 

Lf x- {] BB It id Inf Llfht In BtAndnrd apBclnl Fclntlvlt^, tb«n 
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^ a + aep) 

i«£t&rally 

2 


for tlio theory* 

(l + h^lJ® (gj;) - (l+h^)* . - 

lit 


^ that 


Vfl+h^)^ - (1 


4h 


ii^ 


+ tl 


%'i - a+h„r* 


{0.4,8) 


Khicfa :!« the aauat tiae dilation remit ■odified by tlie fectnr {l+Ji„)”^. 

44" 

¥e may aj,*g note tlut irttb ^ 

(l+hjj)* 4*® + + (1 + =^)* ■*** - (1*»'44)“ 

for th* OBflo of H }mt fDot nifrceesorily a ^horioalLy fiysidetFie 

fi#Idn The yeloeity of light in the x ilireetlDii £o not neBcefiorily wiaal ta 
tbe yelooitT of LigJit in tba y dirfeotioo; it i« clear thot * P?oiwxero 
affect■ loEigib# in x and io an* Iniiecd if# CDn eae that the acaI oFt Nevtanlaa. 
and taiijor thaoriea alo-a clocka <loim in the Bane way ^ vfallt tb# 

Hevtonian theory Leavee longtho uuchaaged k 0)« 31ie tenior field abrlnka 
lengtha ubile the aealar field expandp than ^ ^ p 


He nay nov proceed ana at«p ^rtherp If w write 


and 
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dx 

(6 + 3 b ) n rr^ 

^ pa pff^ 0 dT 


di 


dx 

D -^ 
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dx dh 

_V -. -uy v,^ 

dT bx 

P 

we Bbtflin fgr the aceeieretian efinatlonfl In free-fall 

dx dx 


(e*4.3) 


(8,4,10) 
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ab ah., ab 

^ ^ 

4* a* ii 


(0.4.11) 


ifhiob tp firat order in giTe ai ence anre the equation of notion in a 
epbericaily ayneirir field, Tbe advantage of tbia 1 dent Iff cat tDii is that 
in the ebBeane of external forces atbor than grairitAticnal the quantity 






THE DISTQBIION OF BtS^BENCE EOAHES 


86 



(6,4.13) 


p forces) ere In tbc presence of s p'oviia'tienal poteni^al. 





(6,4,14) 




(i+b^r^fl«„ T. 


(H.-lsHS) 



Our uLfrulations in Ctiapler 6 wiil Cbfl|>t«F 6*1 ftnfl 6*2, by tb* Ean^i- 

d«ratldns ttf tbt* Hectloii, dwpOtftretQ^ tbd Mohlusi^ by ifblcib tbe gysvltetloiidl 
fiel^ tbe eaXm factor® not iM apedial falatiYi'tys The 

cbaziieB of sdAle iJnpLied by (b*4*7) mat not be aOded tp thoa# oaL^Iqted ^irith 
Bvdilied azpre^saioac for nma® and energy« for tbby are a dlffareat atates^iit 
of the BBJne phyaioaL effects^ 

B»b luPuraaaiaR fonaaHm- aaaifl for eauerta 

Tbe AKdifeatly onmrlaat equation eabodiea oU the r«aulta of 

Chapter & and Chapter 6, tectiona 1 atkd 2 in a nora general fern* Thia equa- 
tLoc nay be Oarived by writing tb# tirrariimt lAgracglan for e portiola in an 
axtamal gravitational field a# 



{6.5.1) 


and fftodiog it iota tha eovarlut £ulEr-l*^Biicft iii|Tjation {3.3.3); tta* acocl- 
eraiiou dapendent ferae® dkorg# quickly and naturally in tMa fomaletiod, 
wbidli is based an tbe identifiuation df the interaotiou 



with an ioTBrieut Lagrafigian danaity* 


The »dlfiEationB to the oq^atjona of ElBctrod™anileB nocesai tated by the 
preaonce of gravitation can also be worked ant by aiigownt^ng the LagraDgian 
fuaftion for the free fields plop poureda [l] with an mteraetion tern, the 









GaSAVlTATlQN 1M> EEUTlVm 




^t^vitfitloiial potoiltial ll daapled -tA tll^ energy-^irtiaftntuBt iertiiDr of 

lb# electroMgQetIc Tbia qpproA^b b&th. fitmaraLidaii par rapult* 

trp til# feQerBi, tflncor field uid aulniMAticQlly provideB oavariADt uidatiimB pf 
elaetrqdytiBBicB in the presence #1 gravitaiidD^ ^e reeiiiti era valid far 
itemk ^Piritationnl fiel^ but ctn be VJtt«pd«d t« rtroog fielda [ 2 ], yield 
in the end Einmteln'*. tbeary* 

Heferenops 

D] S*e fpr eiaiBple L* LBndea and t.H* tiffhitB, 'the €lAsai«al Ihepry 
pf Fieiitti^ (pErgattia, 1042) Chapter 

■'■30 

[ 2 ]^ 11iirriii£| AishiiIb of FhyeiOE^ jj, 04 (l94i)» 

rbis la ata? « genarel reference fnr thia GJutptftr, 

In the cnntert ef tinnventioniLl general relativltyi. aee for exuBple: 

Sp Weinberg, ^Grairitaijlojci and OcsaoLogy^ (Wiley 1G72) Chnptera fi and 12, 

Landmi and E*M, Lifecbitr, 'The Cleeaicfil Iheary af Fialda’ (FargHwn 
1G4Z) Seotion 88, 



CHAPTER 7 


THE PRECESSION OF THE PERIHELION OF MERCURY 


7^1 latroi^ctAon 

In the cliiipt«r bAve flemalgped a picture of jprBVltj^ which 

satiefi^fl tho uoiiiuenffifl of occolerniion in e ^mvitot!oral lieldi imd yiclda 
tbfi gTAVitotiaiMl redahift, lie fleet ion of light ky the Son radar echo 
delay to accord with tti* prodtctioiii of the leeiiaral theory ef raJmtiFlty end 
^ipjnHMwnt- Vo have also aocn how onob a theory/ enn contain a prinoiplo of 
equivalence of physic h in all local freely feLiing franeH, ¥e have thua 
^alt with three of the fnur fanwaia teatp of genernl relativity (or infleed any 
theory of grav-itotion) P The foarth of Iheaa t^ete ia tbs preccasioii of the 
parihellcji of Mercury^ Thia pben«iL#iioci la of partloular ii^rtimce hecaiia* 
it ia tlio oaiy correutly Bvnnahl€^ teat of the nonlinear tarca In this fornii- 
latton of the theory of gpovitatlon. 


X planet In orbit in a perfect invarae 
aQoaro field foilova^ in Nevtonian meohn- 
oica, a path that is J an ollipao^ with 
axel fixed with reepecti to the aheoilnte 
apace of Newtonian DoohaiiiCB, operation¬ 
ally defined aa thi roferanoe frane pro¬ 
vided hy tba very distant itara- If the 
grovitetioiiDl field in i^ich Itaa planet 
iBpvei is not perfect invarai acjunrCi 
thia la no looger true snd^ anoEyi other 
effeeta, the oxoa of the ellipse slowly 
rotate with riepect to the distant atara^ 
The periholiop of an orbit ia the point 
of cloecot approach to tha Snn and if 
the ellipse ta rotating, the perihelion 
ia fllovly Fctaiinn with respsot to the 

distant itarSii (in the solar ey^toci the 
principal canae of such rotation ia plon^ 
alary pertnrhatioa g) The can eat way 
of aoeing what ia going cn ie io con^ 
alder clrcolar notion ahont the fiyn (or 



Fig,7plpl The trajectory of o 
test particle In a praocaaing 
orhit (of exireno^ eccentricity) 
ia ahowii for rcvoliit ions- 

The preceasion ia greatly 

exaggerated 




m 


mAnTMlOH jm HEUUnTTY 


nny &tb*r priisiiry) and ffurpcTinqiofte on tlili isirmlAT aotfon a fqMli roclial 
DOclllatiiiPD. If tbe p^riodj for tboae two imporiApaBeO wtiona ooinoidei tbo 
planet retume to peribalipD after ^eepin^ out 2 ti radiiaisBp In th£o Firy 
apeolal cote tbe orbit ia doaed and repaota every revolution^ If the perloda 
are not the eaue, but are coBntEnaiiretev tbo orbit repeats after a pertain mm- 
ber of revolutioua^ vblle if the two perioda are nnt oamBBiiisiiretef tbe orbit 
navar ropeata. 


If the period of the radial vibrationa la and the period fgr a rotation 

of Sn 1* T| , then tbe planet aveepn out Zn (Tg)/Tg radiaUB in tlae , 
The angular advance of the perihelion each roToltitioD la thy a 


(see 



i i radiana 

j 


7*2 Ferlbolioa oflvanco in Newtonian paebaniro 

Ve will first dcmnstrato tbai in Kewtonian loecbanico thoro la no pro- 
cesaion of tbo parihelidn for uotion in a pure l/r potential. 


The gravitation potOPtial if 




3^ 


mi 


T 


and the e^ination of aotlon ia 


dt 


= - 


ffli t 

*■ 


( 7 . 2 . 1 } 


The orhlt 1b plBUBr Bud rBSOlvjog (T.2. l) Inte i-aiJiBl ana twogentiBl coiiipon«nti 
ve have 





OH 

(7.2,3) 




?t= “ 

(7.S.3) 

or 


A i! 

r at dt 

) = 0 * 

(7,2.4) 

Ve can 

write Eq» (7.2*4) OB 

2 dO 
dt ' 

> li 

(7.2.B) 

where 

h io a ooMitoat and 

1i clearly the angular Dwaentiiia per unit paaSi 

Bince 

the angular Tolocity 

iB d«/dt . 

Bqa, (7,2.3) 

, (T,2,4) thus corres- 


pond to oonoermtioo of angular moeientuii. 



m£ op the fekieojon of mescuqy 


BO 



thifl paint r«|ir« 0 eRt b oeBrly cii-isuliii' prbit 


Bincfi h im ^ EanBtBnt of tli# wtlon ve mn o^caupl* the onguLar and radial 
oqtiaiiaDa by writinf in %he fain 


il£ 


"S . 

r r 


5 


corroapond 1 ii£ to ona dinonEiptial Ba li an in t-bo pot^t ifil 


«P- 


•f f«Ctl¥4t 


2r^ 


r 


(7.8.8) 


(7.2.7) 


illuiitrat«d In Tig.7.2.1. Tbe firnt t*ni In Eq. (7.8.T) i« a CEDtrlfugAl 
ropulftiod oi anctly the kinO Bacoimtarad io EiurnitiiD nachaolci prablimfi.. 
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For cirinilBr nii-ian 








ffl&vxTAnaN im sELmviTY 
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(T.a.8) 


lAiEre B 1 » ih« rudluo of the olrculBT orbits a radial oaclllAtion 

by aetting 

r = tt + p 

Sq. 1l«oaBaa 


m 


<«^p __ 

dt’ ’ (S + p)“ " (B + p)^ 


i^endjpg In powora of 


flf ^ ^ gGM \ p 


dt 


^ a* * J 


and Aubfltitutitig for frora £q. 


d^p 


ti5 ^ 




TIiOi] 




and tho period of anall radial oacllIiitiaDi in 

•h ■ ‘'•■Im- 

Iho taDfteotial irelocitj la 

r ' 


( 7 - ZAQ) 


ae _ h ^ fW /w 
dt ~ 7 V r '^V R 

and the diatoDca round tbt orbit fo opproEiamtely StiE » ao the rotatloiiJil 
period j* ^__ 

iriiifib is ideatieol with ifio radial period. There !■ no advniira of th# peri- 
hoiion. 

ft afaonld be clear that thla ia m apoclal copc. Suppose that the t/r poteri- 
tlal ie perturbed by a (oeotrnl) potential with diffarout radial dopond^noe ; 


,.-f {..51, 


fi 




Then for olrouior motion 






WE ntECESSION OF im t»HaHELIOX GT ME3t<nmY 




(vitb n = 0 th# two arfl th? isoiLra®) * Tho afhroiice of tlie 

p«HJielioi] in 



The oiay fexarapl« flf tJiii (cuatt of aiuiple jiortmrljHtlnii tbet i* of Inter¬ 
est 1 e tor n=2, correapoadin^ to a iiuBdrupoto fielfl la tiio Kpiatortal plane. 

7,S The rglniivijfftiE tbaory jwid the need for nonlip oor tcTUff 
la Chapter S we found ea equotiop of Btotion 


^ IS - {lirr^)^qp+ (B*4^14) 


which redticoH to <7.3.1) v-0 ana givoo tbe correct aeflflction of litht 

hy the Sun. This equotton wdb dariTeO worklTii only to firat order In the 
potontinl, Aj it atonda it clearly contaiiia departuros from Newtonian wcho^ 
nica of order (with cmI) and we eould *t once apply the Botboda af the 
proTloPB paragraph to find the proBoasinn rate of a plona^y arhlt duo to 
thaie terma. 

However t for plimotiiry Botlon 



and w tha i]lpeiiBionl«B8 q.iiantltied nnd ffll/po^ m** th* aafflo ordor 

af angnltuila. H wa are to Kork ant tk* affecto of roiativlatic jirovitatian 
on plULBtary orbits, ve staot inoloda eorrootiDao ‘»9l^ “1""« 

w« Iwro slroady pooh that tbo ai|uatio[iB of tbs fra,vitotloiwl flolU 
are e^cted to b« nonilmear, rlao to tonna "ipVip tft ouy oquotioa of 

Botioa, Wo ffho ll ibarefare study Uw advoiice of the ^ribollou obtsiain| 
frith on aquation of suaiioQi 


= = - (l + v®) ?(K1 - Q^V ^ 4t V . 7cp 


(7.3,2) 












^2 


OHAVITMTON AM) 


where tp hME he«n replp<^ed by q;](l+a^ in (7^3.1) Iffld t^rffie Id ^ 

being O(cp^) ^ hflTe b^en dropjied^ Oiir fir^ is tcs dlacaver th« nppro- 

priat« Vdiu* af thb meffioltot a- Sn^e nf tbi« ceefflciedt tiomsa fr^gi the 
DonlineArity of the field e^uAtiidJiJi, but we ahouia ccte that even Dailectiiig 
thii unnlitiearity we find 1 frpa the ddbI reFpectnble looking fpi-nolfl^ 
tion of the free-fall e^njitiods in the tenoor thoory^^ £i]. (6.4.11), fThle 
reeult is «Aaily ob-tnined on applying to (6.4.11) the proc^astures ysed to 
tract (6.4,4) fram and keeping oil iermi up to eacond ord*r in bbibII 

t|uanti tlas,) 

4 Strong. aguiTa lfrnae j ^d the oanlinesr tanaa 

Ve are not going to aiteopt to develop a coofliotent nooHneBr theory to 
even aecond order in the potentiol ep. ^ shall cut tbis Iki^rdian knot* 

ioatcad of unravelling It, by applying a fom of the prlneipla of otrong equi¬ 
valence, 

¥• daw ill Chapter 2 that jRartial and grovitotional noea are otriotly propor¬ 
tional to very high accuracy for onorgy tuaniolbed in electroiaagiictic and strong 
interoatioQ fielda. The Eotvo0'4)lck« oxperimeuto have little to aay about the 
weak interantionp and. nothing to say about the inertial and gravltatlonAi Dhi— 
aea of gravitational flalda thanaalvee, A princlpla of equivalence ate tee that 
in any local freely falling fmoae the same LorentE cover lent lava of physics 
apply^ with the pame nunarlcal content, Shcib principles represent an abstrac¬ 
tion Irom epecial relativity plus the reHniltB of the lHtv|fa-43ioke sxpsrinenta 
and HO ere reasonably sound for the lavs of electroMgnetliD] and strong inter- 
setian phyaicp hut represent ait assufirptian for the leva af gravity^ The prirb- 
cipie of atrong equivalence ssiucms that all lava of pbyalos, including gravity 
itself, are th* HAP* In any local freely falling friupfi. It was this poatulate 
that Einstein used to arrive at the field equations of general relatlvitji we 
shall he less aodjitioua snd it to find the Value of H in £q. (7,3.2), esaiui- 

ing that a coD^letaly oonaistent tansar theory would poaialn the principle of 
atrong equivaleace (ns Is In fact the case). 

If the principle of airong equivalence hclds^ then on gently lowering a siaall 
Hclar sysicia inta a graVitat-ieoal potential on n much larger scale, aay a 
galncilc poti^titlal, the charncteriotic dlBunslanH and frequencies of the sysien 
nruBt rciuin tbs eamSi, iwaaured locally. In the Otynpian reference system atoins 
shrink auu vibrate marc slcwlyt light is slcwsd down and ao the saall solar 
syststtP wist ahrink and alow down in pruportiDn. As vs lower our little solar 
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0 yB:t«n! into tbfe g«lAoiiQ potential I ve expect lia Ilnaftr EliBeneiaiifl ta 
nm 1+4 and its cbariScitQrintia iiDes to choiiAC iij^ 1 —| « Valaaltiat will 
thui vary as 1 + :& I t tbe quaiitlty 



r 


1 + 3 # * 


tvpw 

wbexa <p Is the intaroal potmtlal 
bnye 



r r 

of tbc llttln soloi- systtB and pa 
q} ^ 1 + 4 » 


ve Baot 


** Ep - + ^ 

Tbc san raanlt Any ha ahtained hy notioi that the pnargy of n hady ai Dasa d 
tn tba potaatiai cp Is ^ is qn and that m Tariaa aa 1-34 « whlla energy smat 
vary as 1+4 far ih* priniiipla af strong eqniTal+nc# to bald. 


Nan the quantity 2 ep>I is tbs eross product terB in (p+t)^ so conaidaratiDn 
of the propertiaa of * SMill graritational ayataffl in a large scale poteiitial 
vuggaata the general replaceaant 

T “* ^ + 2 ^ 

aa the saaond order correction to a potaotial Y in Bq^ (7 r3,1)i 


HiiB BBkea aenae. Consider tw Mseea jb Ln a field 7 ^ aeparaieii by a poteo^ 
tlal dif fsrance A7 * 'Their energy dif jaroQoe ia wA'^ ■■ Coa^ora this with the 
diffsranoe betvasa atoaic energy l+v^ele at V ^ This latter differoncs ehangas 
with Y os 1 + T B»d so the princlpla of strong aqulralciiea ip aatiafied if 
chaiogea as !+¥« Sinoa b varies as 1^3 ¥ ^ varies aa 1 + 4 Y« 

That is^ 

JIY- At(l+4 I> » , 


In order to coe^te planotary notion to setond order In sdaslL quantities^ under 
the asamoptlon of strong equivalaaoa, ve vust replace the potential -^) 

by the quantity q»+2<{^ in equation (T»3.l)$ that ia* set am2 Id %,(T,3.2). 


7.5 Calculation of tfae advarce of parihalion ^ 

We take ae our oquetion of wtion 

_ (1+r*) vqj - 4 4jf V , ^qp (7.3,j) 

and hegln by resol-ring into canponantSp 

The angular aquation la 

i J-La Si) „ 4, (£1)^^ 

T dt V dtV \ at / at &■ 


(7.B.K) 
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OAVITmON ANIJ HRT^T TVTTV 


It Important te notion tlmt tbim equatinn., wbiflh c]orrE- 9 |>o>ii^B to oaDBorvn- 
tion of nc^lnr ftmu^nttim, diffnrv fron tlm N«ii^iLian n^nivnalmsti, in tbnt the 
right fa&nd eido Ia £liia-z,«rQ. 


Siftoo the potent! b 1 ^ t* not txplioitl^ time (igpendeat, stm maj ^ite (7.S*3) 


r at at J “ at * 




S»t 


nt 


? HB dx 
di dt 


{T.4.5) 


h {7,6.4) 

where h is a ociiAtatit anO obtftiJ] an equntian lor tbe rolAtlTiAtie oorrecti^n 
fneiar i , Differenrtiate (7.6-4) with reqpeqt to tlHS j 

Bqqationfl {7.5.3} onO (7.6.5) rleia 

Tf}-» 

vr 

^ j,£3 

dt * at ■ 

Since ve Deed to work only to on# order in emoll quant[tlee higher thna the 
Newtonian limits it ie mu tfioiestly aectirBte to pet 

X ■ i-4 tp 

(x smirt rechioe ip 1 ■■ — O) and the iqtmtion for angiilAr i^tiou betonos 




{T.B.6) 


Binc« H* aarller ma.ae itie identlficBtiaa 


V 1 r(l-25p)2r® 

(see it DLight be tbouflilt that the quantity 

(i-3ca} 

would be canoerved^ Tbi* £i not the ease. Tho nngdler mouentmff id 

-c ittw Xr_ i. 

i ^ = 0 . 

dJ / dv \ 

(vxr) ^ . 

Equations {7.3.1} oua (7.6.1) ylsld- 




iHE raxicEssiaN Of TffR pwtTiTFa. Tmi or HtncuHV 


as 


^jtr = 4 (1X£) T. 


(a!;xjc){|| + ‘*-1, 7<p}. 


Ta fir«t ord«r In walL qnontiil^St 


aii($ ao 


= US i T * 
dt p L—* dt 




Th# l«iidiiig tfliffi in tbP dcpreiBion* for ** ^ firit 

ptfikllr iR <u/dt IB indwell maro, with giwBR by C7,5>6}. 

IHio rodiojl at^uation of aot-toB oh'toiiie*' iTom {7*fi.l) li 

$ -(fr - ©'} • ¥(f)' • ^ ^ 

For m Eireiaar orbit both dt/^t flod ^rs eoro- For mmll radial 

DSclllatlDna nutwriwpaBcd an noli w cajroulBr orbit, tbo torsi in [^/dt) 
will be Very Biull. Tbdy *ra alio animrSDRio^ ^ affoct the baaic period 
and will cancel out over a few revoldtiDna* thorofore drop thmm and obteio 

We ww njte Eq, f7.&.fl) to jnibetltute for dfl/at . HeieMtberliii that 


■ 21 

8*= J. ® ^-h 


and tbet wo neoil only brop tsrsa up 

.2 



Eq- (7*B+&1 becocHO 




V* tmtw Mt r ■ F-f p * with B fivon by 


(l*r I 

^ [e “ ^ * ~ 


dt B 


naii obtain tq nrdar \-^J 

t2 

ftpd boDoe a vlbratioiml pariod _ 

.r ™ /^/ t 

^ ,' ac r * 3 a j 


at j. G<w', ^ 


<7.8.10) 



^mAVITATIOK HELATIVm 




Thfr tema In a diaap^ear on aulartitutlnn thv vaJ^tte ol b otitaiooEl ft-ata 
(T.S.B) Kitb d^r/dt^ ^ 0, wbicb is 

^ = f{l . (B- 3a)f}. 

The orbital valoelty ii giveu hy 



add 90 tbe anfulAi' period ia 

Ihm advance oJf the perihelion eacli rerolutioa la tluia 

- ij - sn(a- a) ^ (T.ft.ia) 

0 

radieoe. 


tfith Hm 2, the value wa iafarred by applying the priocipt# pf atrnag e^uivt- 
Itncef ae obtain 0i n (W)/e radlana pei* revalatton, vhlQh i» 
reaoltp With a* 1 # yialded by the tonaor thoory vithont niiy effaeta of 
flftlf-iateraDtiDD| wd ebtaln 6 tt(OI}/H radiaho p*T revolmiou, 4/3 of the 
re milt fron feoerai r«lot$Tity. 

7-0 The ttreceealaa of the oerilietiioB of Kercory 

The pLenet Lying cloaeat tn the ^un i® Hsrcorys The orbit of Weroury 
ia thiia soit afniAitiv* to th* relativlaiic eorrectlDna m hare bean dlaeuaalng, 
and In addition hao the adv^antage of high eccentricfty, e:=(}.206p Thia eooBn- 
trinity doea not affoot the ra-be o^ advance of poritaelioai, to the accuracy of 
Hqs (7-5pl7}f hut it does taoke the ■eaeuremant of thia advoBce eaaieT^ It has 
heen knoun for oyar a eentury that aftar the affeota of planetary perturhatictia 
hay# been rcooved^ the pcrlhelioa of Herctiry retains an anoniilnn# adranoe of 
4^^ (aeconda of are) per century. 


Our caprctfalon for the adranc# per revoLuilon ia^ after inaerting asplioitiy a 
factor whiob bad previpiiely been aet ei|ual to I fpr convepivnco 


fi TT 


% 


yherc la the appropriate radina paroBcter for the prhit of Herouryp 


The orbit of Mercury has a v#ial--iaajor oJtia aHO-S^Tl a.y. where lanU^ 
(aetronoBical unit) is 1.408 >e ID^cifl , The eccentricity of the orbit is 
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ft ^ 0.SW 


usd go tbfl seiiii-fliidor Axifl 


1i ■ a V1 

i« shorter th*ii tho aend-AaJpr «rta^ Oar alKpla tTaataent In tanaa of 
HDull roOiifil vibroticrna iSota tiat toll as OiroctL? vtint qiiBntitj to tak* for 
Eovorari » noto tbot the n^wLoe of th* porlbeliou is givan by 

- P TT 3 t 

ighero Cp^ is tho potontinl st R ^ The elliptic*! orbit ■oftna that o n»ll 
roDge of poteniiala is aaii|il#d in the oourso of tlj* orbit flnd so Tie sball ro- 
plaoo by (fli) I arerage voIpo of the potootial, and hence evolnate 

»TI ^ - 


The equation of an olHpae is 


^ = 1 + ■ ao« S 
r 


a A\ ^ 

wbaro 9 is wBBuroil fro® iba Bmjor axis, ao orersflini o^or 8 t “ 1 
vhere l> io the parABeter known as the g^oti-lains reotaia {the Oiotanoo ftorooB 
the orbltf nornial t* the njpr axlS| peaBureil through tho focus) Bud is givEn 

^7 


or oqulvalently by 


Im Bfl-e*) 

1 i f 1 i \ 


'max nin 

Out final axpressicp for the a<>iraiic* of tbo perihelion ia thus 

’"T? 

Mhloh 1» thft irtffitLt pbtaiflBH by a laors CDiqtI«te trvbtaent gf Ei|. (Tib.l) with 
0 .aa, wfaiBh can ftgtU bg flgrtygb f«i« e^wml talatiwity, tl]* 


(7.8.1) 


VI tb 


wg obbBia 


t - 8.fi6e K 18^® Ml 
B l.fifl a 10^^ gm 
GH- 

e H —% = O.fiOl X IQ"* 


radiau par rgrolntigti. The peried al Meromy !■ 9.2.41 y«hrt and eo the fate 
of gdeanee of the parihelioii of Nertrury giT«n by the espreealon ( 7 . 8 . 1 ) le 
p*r ceotttry* 

Th* preoeflaion of the perihallon of Meroury is MBBUrefl with reapoot to an 
^rth hosed frame of reference. Thia frODC comiot he directly relatod to the 



m 


mkviTmoH Jm keutivtty 


froiQV thC! tlidtdJit Bt4kTB: IsaeiiUEe thE r^tEtion uiA 4 il Uiid Earth ^sab qqI 
rcwln iiiod iu MUdh a friuiB hnt prde««ii«:i vitb a fiariiot] of abaut 2S^00<I 
[tht pre-dPilAiofi of Ui« ^quinQXCBjl One to t! d^l craTit^tioual farcos acting on 
thp quadriipole uonirnt of tba £Brtfi+ The precppfliati af Uie peribeliob 

of Morcttry MOT” 0 . 1 ®” per century) li made ^ from a. piece iluo to th« 
precesolon of tht aquinoxeG 5032^'^ per century)# a pieoo dut to planet-Bry 
perturbatloni f'- 632p#r contnry) mn& tbe rcHi^qnl anoiHloui precoiaion ^ith 
C 2 ] io 43'* ± 1" ifhlch 1* id ngreewat vith genoral rolatlTtty {othemijc 
knavd mm tbo BOHslcaa aelfwintaracting apin 3 tfaaory)^ thm adoanc# of the 
paribaLlC’ii hat also boon neatyreii for other pliinett but the rotnlti ora accu*^ 
rate tc no better than 10^ h. 

Tbe Bgreeneni botveon the oal cult ted noO obeerred valuoe of the centeiuiial 
advancti oI the perihelion of Mareury thue prairidep a Farifimtidu at the ^ 
laFel of tbe equAtioa of skatidU (7,6*1) ’witli a*2 | rather tbau & =? I ao 
yielded by the apin 2 thoory before BlloViiag lar addit^ozwl nonlinejir tormo 
to aeifcoupl Ing, and ii the qnly test of these honllneiir temu! TMa 
coQclTiilon la hui^eFOr only uforrented if notblng bfts b&en left oat: in Eection 
7«T ve disetioa the qtladrupoLa monieut of the Snn^ 

The recent diacovery of a pulaar in a biimry ayeteiD [3] offera tbe pooaibi- 
lity of the tuFoatigatJon of utuch etruuger grav-ltatioELal ft el da than are eaetly 
aoetaalblo in the solar syateo. FuIubt FSilfl3+l6 bae a poLie period of 
M ma Add id A voBber of a binary ayoteBi ulth a period of 7.76 boure. The 

orbit ia highly eeoantrlo^ The pulsar ia pr^amiibly a neatron |.■at^ar iritb a 
Base tbe oiaBaos of the tun omqnineatB eannot be too diffarent^ There 

im eFideneo that the ootBpunlun la ntuch nore condenpvd than a n»ln aequonce 
star and ia therefore b white dwarf, p neutron itar or pooaibly even a blBc^ 
hdle, 


Tlie t|iiani I ty 


m 


^ iir® 


lima isalring in prinetple the relativlatlc Doppler abift and gravitatlofiul red- 
abift Tarlatloae Ln pulse frequency easily observable, and giving p periaetron 
advimee of several degree b a year* There la aleo the poaatbllity ot obeerr^ 
tug the effects af epii^prbit coupling. 


It ia howerar poaaible to construct a theory of gravity witboat aelf- 
interaction vhicli vLeldB the eorreat valne for tha advance of the peri¬ 
helion of Norcary LS. Deaor and a, Ijuirent, Aim. nya.# 7fl (196a)l 



THE f®ECESSTO% OF 13IE PHSTREIJnN- {IF MEarUHT 


m 


7,T Til* olalatgfigaj qI tbe 6 mh 

In anction 7-S we tb^t a pteceittloa of porlli*llon woald b« 

LQdu^ea, in tho frwwork &f Kijwt*ni*e by n perturbinfl potfititlal 

viu^ying with r aa , witb n ^c±i t#™a w&uia be 

dticad if tbo fittd wara not p«rf«t 3 tly jpherically Hynmetriai tbc flnly tEm nf 
L^MhrtiwcE heii^ tb# petaniial duo to B quadmiKila noimat, varying with r a* 

Ji qiLftdrupclo (BOBjent wntild t* raXlectEO in tbB figure af tha Stmi the 
diee of tliB Sun wuuld be slightly oblate (flattaiiBi3 ai th# polif). Sqso 
ablatojieaa ia eacpeatod anyway beoauBe of the Ena'a rotatiaa^ IntereBt ia 

thie possibility wae reowAkeaed Boifle tea years ago hi b ratfult of »aBw«B*ati 

by Dicke and OoldoDberg ivtiicb ippliEd a quadrup^le imiiHifit Hoinj ttmam fritator 
thun aiperted oa tba baiis of a unifomay raiatiEg Sun and duriiciest to eon- 

tribata booh par oofitury to tha adrance af tbo parlhelidD of Horeury L41 - 


In'Nowtoaiaa tboory the gravitationaJ potential of a body of IoobI lUfls OoMity 


f ^ r r P(i^ t ^ ^ 


{7.7.1) 


ExpgTiding Dfi far aa the c^uadj-upole ttna yielda for a rotatioiially ly^Etrie 
bo<^ 

where I is the polar acglo of tb* vootor £ and 6 tb# polar ojigle of tbs 
YDotor ii' I botb Manured froa the aiciB of Bym^try of tho quadmpola. It la 
coavouiont to writ* tbii bj 

V {£) = ^ 8^ •! ("t) } (7'7*3) 

whore Q la a quadrupole mpmoAt parABetor dofLned ly 

Fat atl «LLiFS«i0 af unlfom Oannity the Integral he* A T*liie 


i M (b® -*^) 


2 L 


and 11 a b « jb (for an eblato olllpaoid) ^ Q ■ T “ 

The Sun of fiaurai Ls not of uiilforii doasJty, and tbo rfllation batweon th* goad- 
mpo-le DuiiDEihEr oj'id tbo oblatetiBaa paroHatEr ^ La loore coj^lioatod, Uto effEt- 
tivE poUniiol nsar tbe surface of tb* sun I# the grBTitotioSiol potential (7,7-3) 
plua II teiiH girlog the cantrifngal fore* 
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CnAVTTJUlON AND BELATIMry 


1 - Pa (co* 0) q (^)^} - A (7.T.4) 

trh4re B !• a coordinate Dcnonred aomal to tbe sris of rototiDd and q; 1* 
tba anirijlor Telocity of the surfece* To tlto ejtteai to vhieli the surface la 
dBlntaiiied in mittlllfarlUB by preaiure, the surface vlll follov the etpiipoton- 
tial eorfacea of Bq. (7.7.4). 


Equatii^ tbe Talaea of poles and on the equator ^iree 


-A = A Q 1 
- 2 « + 2 


SB® rS 


m 


(7-T-&) 


In th* CAfte of m » 0 £llsihl(» i|tiB4rDpol€ wvmnXj the surface ol3lateiift«E is i^ter^ 
Klned by th« l/r fieifl uf the cSenee core aitil tibe centrifugal fdrc« uii0 iv 


Mq = 0) 1 St? 

“ 2 (Ht 
a 0 


(7.7.B) 


The pur face of the Sun rotates in opprozisutely 3Q days se 


i{q-o) 

r 

O 


ID^ 


and oorr#ap<Ha 00 to negligiblo qustAmpol^ n»BiaRte 31a* oppauite artrau* iu 

r*pre«ent*d by teklELg a uniformly ruistii^ Son af unifuna deoaity sud sotting 


in fi|. (t.7e5)e 


Q 


^ I ^ 


Tbis yieldg su ablataaasa 


ik {uniform) 


r 

o 





p 



= 2.5 X 10"^ 


anC U quadrupal* soiseiit Q = lo^ ^ Any loiifonily Tutfitlug iH^Ciel of tb& Sun 
ulll be DDcb olosar to th* former onwe tbaa the Igtiere In tho equatoTjal 

plane^ (oobS):^-} so petting n^E end a ^ |g in Sq. (7,£.1S) ire 

ejpect a contoniiisl preeassloa for the perlbollnii pf Heronry « 1” from the 
solur quadrapolft oaDeirt. 


Dicfce and Goldanberg meoiured «i obLatenoBB of 4^5 X IIT", corraapoudiDg to 
q ^ 2s5 X l(r^ ond a centeiiniol perihelion odrimce of 3" fur Martury* Such 
on unfe^ectedly large qaadrupcilo ooDent vab attributed by Pick* to m rapidly 
rptoting interior gf tbe Sun^ tbe outer Liiyere bei^g braked by interaction with 
the solar wind [5] , 
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HovieTer, A r«cent Hftimtrwent yi6lil«d mn ohlnt^ness iwn-aiirttor iu accoril 

vith ihflt tijqiOCteEi for ne^li|j.ible quadrupol# flWBWnttfil, T!l# teirk fnimd 

pvidejscc for of *xcoaa equatori*! brlglitjafeeft to whith tha roBiilta of 

Dicke ao0 Goldonberg wiy bt ottrilmted. The present poBitiou is tbot tiiETo 
is m evt^iiEft that any Hi£]i.ific 4 P.t part of tb# a*niQco of tbe psrthelloD of 
HeTiajry is duo to n Hoior quoarnpol# mcmwnt* 

RaferenCSS 

Lil Veinbergy ’Gravitation au-d Coaoology^i (Wilay lat2)| Saotion ft.6. 

[z] Purthsr detoll ■ may bo found in ^ 

S, Wcinborg, 'Gravitatioa ond CoppologyS (Vlley ItTZ] * $eotion ^6^ 
Hloaor, K.B. Thomo, Wbaoler^ 'toovltatlon'. {F^oofflon 1BT3) 

SsctioD 

[ 3 ] A.A, ma» «n<l J.u. Taylor, Ap, J, Lett., IM, Lttl (UTBl. 

For a dlamtasioa nf ttie roUtivlitl® effoota In tbie ayatoB, aeO! 

L.W. Eapofllto and E*B. Barr I mu, Ap. J* Lett,, IM , I'l (IflTSjj 

C.«. Wai, J, Lett., L3 

t4] A,H, Diolto anil H,H. Gold^nberg, Ap. J, Supp,, 131 (1874). 

[S] B.B. Dicke, Annual Barlewa ot AntroDOoy and AatrophyBics, B, 

ZB7 (1073). 

[el B.A, mil et al, Riye. Her, Lett., M, 1497 (1974). 

B.A. Hill and B.T, Steblilne, Ap, J., jMJO . 471 (iflTB), 
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CHAPTERS 

GRAVITATIONAL WAVES 


IiitJoJqctiaii 

Th& f±rvt step iji th* iceaenliof the grey 1 tatioiiel Poieflun 

ilon 

m 4 nGp ( 4 *l.S) 


ylelfteiS 




whi^ at onee le^> UJ to ip^ayitatlonal wy«o pft>paiatiag with voloolty 

c, flolutlome of the free flolA wjuatlon 

1 




ftra* A toDAor fiolij. aiB J»Y ht oonipiirsd wltli iJin •lAetrcHAinBtie equation 


□ a, 


0 * 


In the alectroiMipietic caoo tha aaiLreo of %m the ourront « have 

(with c = 1 ) 

vitb the purticulor iiite|p:'al ttalutioD 

, ^ Ir-rM) 


k-i'l 


Lh# fiuDiliwr retai-dafl potentlBl. 


Oor ppin S tflQAor theory hrnm 

□V = - "’’“IV - * %’J ■ - *^uv 

vlth the retarded poteutlol 

k-l'l) OV 


(a. 1.1) 


vhioh of cottrao contains a radiatlv# component nith derlmtlvea of the poten-’ 
tial fallici( off ft* l/r* 
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{^uvrrmaN lueLATivi'n 


TTBPjyern aatnrg of tha wkv^m 

B^^Aqjiv of tlifl conHrratldD lav 

If 

% 

w* Infarrad for tb« lioriEirti oonAltiim 

__ 0 


For frinritd^iop wo 1 i*to 

a? 

and so oapeat ap ops1o£OPP oopdltlon. But 


h ^ 0 ^ " i ® ^ 'I 

I^V - i * |iV Off J 


l^v - I ^ • |iV Off J 

anil AO tilt aoAlqgouH coaflitlon wtlL HOT li^r 

Bb. 




dx. 


^ 0 


bdt rathor 


Bb 


whara 


Sine a 




(S.2.2) 


b b > j-0 h 

MW tew iJv ff cr' 

b - 3 - i-9 Jf 

MW MW ’ MW (TO 

‘‘aa “ VS p ' 

'‘tw ^ V V ” ^ V S<i" ^ V V * ^ V V ^pp 


-i6 Iff +3 -ifl 3a=l' 
“ Lw t aa oa ^ cj^t &0 J 


Ip theae BqDBlioiiB q, a APO p sra efumj YBrinbloo (mmm^ ovar) mn^ 6 k4 
^.T ‘^- OCL 

(that iB| 6^^ f ^ 6^) ao th* ourly bracket fnme- to ajero and tue hpve 

K tt h - h -^3 (t.2.3) 

uv ^jw “ oa biv f 

*nd htneo inftr 




^^y 




Q 


fa.a.3ii) 




GRAVITATIONAL VAVliS 




-Spw «« kntiv tb*t tbe Lorentz «i^iiditiaa = 0 ie related in tb« iranm- 

VGFB4 tintyrt of flle«trDDmc;netic vi|V«a, an v« Bight ps^pect tLat £q.(@«3p^) will 
tell Q 9 B^niot.liirt^ the tratiov^FuIity nf gTATitatlDHal WBveA. Ip th« 

electFQaiBgDfttic V4I.0Q we hiire a fgiiir'-v«etal' poivntlfll aii^) the Lotf’enta CA1I« 

i^itioa 0. At first sight thia sUggesCa three ipCIepelideiit pelqri- 

BBtidDB for an (slectTOioegiiEtic wire — aiitl ve Imew there are anl^ two (our 
emrliana of Chapter ^ protj-Bblj foap<^ thiB ocit toq)^ Bqt ooosider a piano 


WBve 1 


where ■. 


A > « >*) 

ia a cgoBiant A^reetc-rk 


it. 


V V 


(a. 2.4) 


□ *u 


and 




yitrl^ h k 
^ V V 


yield# k, a ^ 


Eat if a o , + hk, , 

\i \x 

loBO of generelity we ran replaoo 
an arhitriiry BeaLftT« 


tioa 


k a =0 yleldp 

U U 


these eonditioiLA are still sntiafied and so wlthodi 
^ by a' wb«re ''i = *“ 

For a ™v« travtiling in the z direct!on| the condi^ 

we haw 


:- le 
•i' 


3 * 


Then chooting + hk^ ^ 0 


0 

n 


and are left with only two polfiriMtioni^ Sinre e^ + bk^ correiponda 

io setting 

&B 

A - A + ^ , with B ^ * ih e ^ ^ 

u n a,^ ' 

the st^iiBtions of ■otlon^ detomiiQed by the fit Ids 

BA 


4 — -Ut-yrl 


B 


VX A 


dq not notice the treMfonuition indeed oiity two polerij 

tions are phyaically for & ploue wove, and hence any virre. 


ition 


^ S # bk is eslled a gDnge IraneformBtian, 
]Ji |J 

Uj^ and i« quite ewidantly intifflately conseeted with the eoiLserretion of the 


The potential tronafo 
[i3i and i« quite ew 
■onrca of the elaotroinaginotle field. 


GRAVITATION ASP BELAUVUT 


lOia 


With 



and ftle«troda tzppAad to thi ifdva Tibrata in the r dfra-ctitrn If drlYan by 
bnly, in tha y diractlon if drivan by A^ only. Iti ganaml of oauria the 
tM ctnapon^ntm of thi palerlaaiiDS vactoF ^ a^) suy have arbitrary magal- 
tudaa and relaiiva ptaaaa and the faBiliar range of polariaation aftant# obtaina^ 
Tha vibration pat tarn eaaent tally rapes ta tindtj* a rotatloD tbroo^ iB(f about 
the beim (irlth a obance of phnsu of rr) and talk about apin t photene vlth 
polariaation statae a| , a^ or tvo haliclty atatoa ^ (1^ ± 1 ^ 2 ^ * 

The condition $h /bx m Q t'caultm in a Bltttlur babaviour in the case of 
gravity , and in foct tbi i behaviour wit vat a ii the chof ce of the teUBOT theory 
rather than the ^iewtoniaii theory# 


C^DJider a plani ii^ava 
In free upece Q b^ ■ 0 


Ik 


h = c e 
UV kiV 


x*x 


Bc that 




(s.e.o) 

{s. 2 .e) 


Ihe condition 

yields 

‘v V- 

If we now replace hj ^ veplacina 

a by ■ o + bk except tjiet s has twu indices aud b hne one) wt 
find 

^!vV!u-® 

where the underlined pieces sre xsro by Eqs» {8p2-S) and (8^7^?)* 


We esn chouee four qnsntitieB e^ arbitrarily and an gu frolD tetl independeiit 
eooiponeilts of through Eq« (8.^1.'^) to six iudepsndent Eqi^Kkneiits 1, and 

through the gauge luirorinnce to two indOpOndeni palBriBationB in a plane wavD^ 

•■12 '*"■ 


and hence any wovc^ These are oopveniionally uhnsea to be and 

s vava travelling In the directisn^ 

easily. 


ThiB can be worked out quite 




imAVITATlONAL VAVES 


lOT 


ThP ooimitiM tfi-a.Tj - ie It - 0 , glvoa 

|4V D D V 

'*3 ®32 ^ ^ ^ 

{iFln«« k|^kg,= 0) - 

1 Ui " Si - - 

v= 3 : kg* 3 a--l»e 4 a Ss = " 

V B 3 ; |i^(ej 3 “ ~ ®aa “ ®44^ = - E 43 

'*’■ *33 " %1 * *22 “ *« “ " *43 

V = 4 : 113634 + i« 644 - i ii# (S|j + Cgj + 633 + 644} ® U 

sr (<11 * Sa * %3 " W “ - S 4 


(B.2.1H) 


W« fitny r«wrlt« the tmwt pair itf equBtiop« lit tfac iarta 

Hi *23 “ * S 3 “ *44 “ " *43 


(8.3.711) 


ftqtifttioaB t«kt ten i^aiifpaaoiite flawu aiac independent cjon^wntat e, and 


atill kold vhen we replace c with 

>rw 


<v 


'iv = V * ' 

SflDenberiPf that only and ore tua-Eertii ve 


find 


Tlteii 


*11 = Hi *32 


Si ^ St * H''3 
*32 “ Sa “ 3^3 
*53 ^ S 3 ^3*S 

*34 “ S4 * *4S 

4-i 


*22 Ha ” Hz 


*41 * *41 ■•' * ® *1 


Hz* 


’>43 

*43- *43 + ^*S 


■'3*4 


G 44 4- 




Chooo^ *j ^ eg i and to nwke tko firat calmnn of (S.2.a) iraniidi* Theae 

are onr extra fpuz- tHkiifltriilnta.r ¥itb 
two mwB of Ci(|. (^^S^to) ^eld 


oj^d 0 ^ thu# detemlood, tbe firot 


*42 - ^ 


Witli sot oqnal to cero sppropriato ohoiee of e^ ond ^ la 

antoiuiiicollj to zpro* oec#ud of Eq. (S«S*Tb) then jialda ^ 






mmJAUW AND EELATrVTTY 


loe 


The mlj vurvtTiz^ iarma btb i 

'*11 “ " ^22 ’ ^12 = *"21 * 

libu.4 hiftve once nore tvo |p.ie|ipniil«iit ^IdriKatiipnB Mts-icb CDfreiiiDiifl U> npiti 
Zt far lb* bA«ic vilirfltton pottfim repaati afler a rotstlon of filC° r^lh^r than 
180^1, !niii tj anomaueLy iispartaot, becanna wo know froa Bpeoial relativity 
thit a uBBloaa pnrtielo boa only tw pqpaibla opin ttotoii, along and againet 
the diraotion of [2], Ibe photon ii a noBeleoa apin 1 particle and 

now ™ infer the oEietenee pf the grariton, g moealeaa apiM 2 partible. 


In the half-tenaor (Nevtonian) theory, we hare from aonree coDeervation 

5h 

■■ ^ 0 or k E * 0 

01 _ uu 


If we set 
we find 


Vv “ V " Vv^^V 


VtJV 


The condition k^e^K p ia not aistoBoticolly Batipfied by any Only 

three of the fonr quantitiaa ore independent and ao Inptead of eight eo&- 

itrointi on ten iodcpeiideDt variablei giving two pnlariaatiooa we heve oev«ii 
oonetrolnti on ten independent Tarioblea giving three polar i oat ions ^ Tht holf- 
teneer (Newtonian) theory ia ttnip e qiTture of the tenaor (apin 2) tbeory and 
the aealer (epin zero} theory, and in our apparently artificial oonetroetliin 
of the apin 2 theory we were in fact aubtractlng off the acalar pteoe in the 
half-teneor theory^ On the gmnndfi of ai^llcity and alegaiiee we would pre¬ 
fer the theory of gravitation tq correspond to apin 2 or apiii 0 rather than a 
nisrtnre of the two* and m thla franework the dofle^tion of Light by the Sun 
of twine the Nawtofiian valtJe at lent appears a» on mil rely oatiixol reiult* 


B.2S ^yeicol of fart a of ^avltatioEal wavea 

In order to tzaderataod the content of the two phyaloal polariaatioaiB.-we 
need to atudy the phyeical effents of the rediatiEiii. If a train of gravite^ 
tional wvrea paaaea through a laboratory, what eort of phyiical of fact dee a it 
produce? Tba first thing that nurt be realised ij that the local grevita- 
tionsl fioLd is net directly detoctahle becauio we auat look at the rvlatlvt 
potion of at leapt two abjecta to detent aa effect. ELcntrimB In wirea are 
aenflitivc to the electric field qf eleotronagnotic radiatioa because in iunh a 
field the eleotroua go one way aud the poaitivo lattice goev tbe other. But 
everything accelerotej tbe cape way in the eane gravitatiqnal field mid aq we 
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10& 


two Qbjoct*^ vith tbsir rvlatlTc rntytiisfO. deterDined iwt by tbe 

flrit (teriVBtivaft of th# potential but by tbe ■eeond (SurivotiTSi — tbo tiflil 
forces^ 

¥* ba¥o thflreforfr to Uk* at our primordial irmvltatioo^l antoimji two (point- 
I£k«] Bs««ea aapot-Atad in iptiQv odci maadtire tbolr mep«ratiaa. Lot m oeliinj- 
1ft to tbe of feet oti tbia ooporatlon of a {fraritfitioRol wave oboraoteri lOd by 


•*22 = " 1*11^ *•*12' ‘*21 “ 


(•*11 ' **22 “ 


Ve return to our oquotiono of iMitiaa (a.4,4) dpreloped qriBlnftlly for aolftr 
oyitem problema s 




At thia point vo onooinitar iriiat ift at- first sight o sirlaus fllfficulty, A 
imaa ml rOfti hfti oil eleaimtE. of T equal to KiETa «XC«pt for » OlLT 

w¥b howvor Ifl represenieid only by ^ ^21 therefore isiping- 

ing on a maB at rest it gi^es 



(8.3.2) 


Ibia bo^nfrer 1 b ad seen frop the idoal coordinote frojaa va boTe eatebliahad 
free of the effect of all gravitational fields. In thia frape tmj mifteis 


inltiqlly at real auffer no occeleration^ Bot it ia nnt clear that tbia ia 
the cue* from tha point of view of the observar with a Bwaaiiring Btiek 
atretched between the tvo nasaev. Bemenihor that in time iodapen^ofit poten¬ 
tials, the tenaor, half tensor and ecalar flolds gave the Berne h^ and aIo¥«El 
down elooka by the Bftw aswunt^ Eowever, tbe h^^ oqnipoaefita bad oppoaite 
aign for the ienBor 00 d scalar thcorie*, reapectlvcly abrinklng and e^panaing 
■caeurlog stickB^ wfailo the h^^ tompouanta were nhaeni in the half tensor 
theory and moftauring otlcka ware linaffentad. be gueaa tberafor* that it ia 
the oqmpananta that attar the Lengths of iMosuring roda end that in the 

ideal frame tha two lasasea do not edovo but rather the length of i. sieasoxinfi 
rod next to them fluctuatea. The local observer bovevof baa no way nf tell^ 
Ing bin Doaaaring rod ia fluctuAting in Length and an intarprets his observA- 
tiona aa inenning that the Beparation of the tvo naBaea ia fluetufttLng dqe to 
B periodic tidal force everted In the paBBoge of a gravitational waveii This 
interpretaiiqfl ia indeed Ij^liclt in the more feruftl dsrelopraents of aoetiqn 



Then ve have 
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at 


11 


ar 


, as j „ 

1 3*p W* 1 


-srl 


f--H 


ah 

w 


11 


(8.3.5) 


(a.x-i) 


for the KtioD of a pArtlclA of moEs n « In Interpret tog tbeoe- ^^oetlDnii w« 
DO it firit fln4 eai^ireaffioiiB for tlie Bmaentiia and aOergy» ConaiOer mofion in 
Iht dirfrCtiOEl» The flrirt thii^ ve notice ii tliot Im a funOtlon 


So 


Ml-V^ k 




ot 


®0 K TT^ **1 


IhftO to firet order in bdbII quantiilea, 

•^l 3 ^ 

^1 at ^1 dt 


Wa alee have 




at " 'I B.g 




^3 


l$.3.6} 


{S.3.a) 


A light ray aloscig the direction is tlterefare deflected ia the dlrec^ 

tieB by an eDount depEnding on the grefliapt of * In a vnve pictore thia 
raquireB an acceleration ip the direction. If we set 


kEVj ^ Pj 


then 


at - « -'^i at *■’^1 at ^i. at +’^1 at ’^i atj*' 

vhiol^ ail imltiplylnc by yi«lda agBin. 

Ttat refraetive index neceBaary to prodiige the defleotioo ia the i- direct ion 

j 

iidplled by fiq, (S-S-iS) reqoirea 

c. 


(I -by) 


and faenoe 


1 + h 


11 









GRAntATIUt^AL WAV^ES 


111 


For motion 


at 


au 


11 

dt 


at 


« 0 


■Rnd 


v-TTi 


h El T-, 

o 1 

Jl-k^ v| 


In the presence of other forcee 


at - " ^^1 


dE 

dt 




(a.5.7) 


(a,3.e) 


and follovlng the orsniaeDia of aectiau we moke the nev aefiiiitioii 
Pi 




Thui the reet energy le ujicbftc^ed, the Telooitjf of light in the dlTeetton 


is 0 ^ = 1- h^^ ima the rest bass 0^(14 aa^^] , The quantity 

It the locsllj aefined reat energy iLEid is Indeea imchatigedp Since energ>' t# 
uns fleeted I ntotple frequencieg are UDchsfaged noa the choiiiee Id the velocity of 
therefore Lnq>liaa that n length 1 h choeged by a facloF Am 

a final cheqlL, for one dLEieaoioiial notion in e Bohr otin wv write 

^mv? - = ocnetajit 

1 

nnd thlH ie indeed amtiafied to flrot orfler in hjj^ 11 and 

bV( 1 +bij) « 

¥* have then e conelstent picture in the epfrlt of ecctiou 5-5- The effect 
of gravitetianal wevea on the Beparcticn of two nmoaeoi^ iaitieJLiy at real, ia 
to provjOe 0 reletive BccelcriiiiDii 

a^h., 

"dt^ “ *J (a.s.B) 

%ihere s* N the Beparetido in the J direction in the efaMeiitie of the wove 
J 


and ell measur^entc era taade locaLly- 


6*4 PDlariectinn prooertiew of grgrritqt lonel wny^ 

The two independent poIerioBtions arc glvcc by {h^^ a-h^^) 
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GJUniATIiJN AND RELATIVITY 


We copal dor ■ aet of f<^ur pdrtifileH, arr-Bnged at the cornora of a square luar- 
B«1 to the direotiDp of pmpofatiop of the gravUatlonai MVe, Thio fa the 
■ inlsuii ft*t of particles oeceowiry to bring out the general featoreOf sipce 
we need two peril ties to detect jpiy effect and each polar i eat ioa affecto 

length Deoiiurcflteiits io tvo orthogopel directloni «ufuItaD.ocUBiy» We obtfllo 
the eequoncee ahoirn iu Fig« 

1 

t 

* 

=-h22 

• -4^ « 

. + • I + I • + . 

* * 

h^2= hj, 

Fig .6,4.1 Fh nit lope OPd irelocitiea of four toot par I idea 
in o plono nonul to the direotiod of a ateo^ iocidcpt 
graritatlonol wo^e^ sa cb I erred locally^ The conf igura- 
tioOd arc shovn evory qunrter period 

For m general wave w# can emobine theae polorjootiodo with any Hagaitiit^n 

apd relative pliade^ It is clear that these rlbrotlcnt are quaflrupoic in. 

character and that the cleiaentiLry Dode of vlhratioD induced by a gravltatiopal 
wave la qiiadmpole, Junt oa the elweotary node of vihrotipp id^ced by on 
electromfiguetic wave to dipola (dipole odcillatipiia cannot e£iat for grarity 
because there le po negative maae and banco no grevltotinnal dippln), 

6*5 Detection of gravitational waves 
Dor elenentary gravitational 
antenna will therefore canelcit of n 
pair of saatej cniinectod by n 

opripg if we want to Hoke a reaDdant 
nntenna, with boho ■eona of Dcaaaring tbo separation^ {Fig, 3^5.1)« The equa¬ 
tion of Buch on ontemiB con thon he written^ for the Case where the ontcnnn iB 
aligned wltli one of th* prinelpel strode ozea , 


Fig, a.5.1 
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wlL«re X 

B 

rntion. 




* » 
di Q 




li t-h^ rt^t, BfpAra-tiBD of tbe bbabbb Bud 


At fix^d Irttp^ncy 


U^b ^ 


- nP - !« Y 

0 


{e.s.i) 

Is the di-ange in sepA- 

(0.a.2) 


Ths spring DonstAni contralB the r^AaOBiit froquency and tho dating coartont 
Y the Q raluD the deteetor* A pmall valug of Y giv** * Mrrdw bAnd 
actenna, with a high Qi vbtl'e large Y InBreaaoa -tha bandiridth. If the fra-^- 
queacy spread in a graTitatiaiial ware Is « Y, the Benaitlv^ity of tba detaBtor 
to freqaeaBiea arDuad uj^ daponds inroraely oa Y - If the gravitaiiaiial 
radiation is broad band, bowsreri this energy ahsorhed is indapEndent qf y^ 


Ve sboiUd also oota that on antenna of this hind has directional propertiei. 
The qaantity 111 varies as oca 2or sin. as ve rotate tho axia ahont 
direction of propagation of the vave^ jneaauriDg ^ fro* the the 

forper remit ie for (h^ j , h^^) and the loiter for (^|2 * ^ change 


the angle hetifeen the oil a of the anteime and the direction of propagation^ 
the tidal forces act on the projected leparatlon L thus iniraihiclng a tenn in 
sin 9 * fhe tidal force bLain 9 acta normal to the direction of propagatianp 
hut longitodlDal ostillotiona of the d«tector of nnplitude 4 are induced by 
the component of this force along the deteotor axis^ introdaeing a second fac^ 
tor of sin 6 « Therefore 

d^JL 

—r ^ h L aiji^9 cos 2 
dt^ 



for o polarioation (h|^^«,h 2 ^}, this ie illostretBd in Fig.8.b,2. 

hi sind COS 2(^ 

h £ C05 Z0 


Fig»B.5«2 The angular rcapofiijia of an elementary graTltotional 
voTc dctcotori The deteater shovn id, the figure loakefi an angle 
6 ^ith the direction of propagation of the voto and bos an 
aEimutb meamred from the direction^ The vovo ebovti ie 

oboraaCerised by s - 
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OlAVITATIQS J™ HEUlTIVTiy 


detect Ion of lerAYltatioobL iparea ia fiiHOiaJad la detail la tbe racnnt tootaa 
by KianBT, Thorn* orid Vfa4*il«r, &cd hy Waimbor^r I^Ip Matg ve will only writ 
oat « few tmfuL rowalto. Ve tab* tba caao of a datfiotar aligned with qqb of 
^a BtreBo Bsee of tbe iTovitflti opfll waVa* so tbst 


lO^ b : 


i "Yit 
o 






+ i 


J * 


ta.5.3) 


Than 


iH 




m— 1 

(It Bbould bt r«flonibej-Dd that in tbaso oqoatLoias b hub tba diiti«iuioaD » 

that la, it ia ditHDaloELlafB^) 




locrklng onraalTaa finily Into tbo Ideal ayatan of cooriliiiataA defined by i-aal 
neaaurlng rada, the ataady state TlbrallDUl energy of the BOtemiB, in o bodo- 
elirMnatle wave, ia . 

Ibo rote of aiBBipotion of energy im wbero t t i/t* ** 11>* rtkim al 

Bb»rpt1oii of energy from tbe wove miHt bo 






^8,5,5) 


JL 

(uj- 


(8.&.a} 


AverogiOff Eq« ovar a brood freqoeney boiid gets rid of y » tbe 


quMOtity 




baa tbe diateneiode of energy flU;X. ¥e rewrite tbe energy abporbed each oecopd 

as 


j_ r **^“^*B 

is L j Tg ^ 

(in- 


5j[^] 


(8.6.T} 


The left-hand bow bos tbe d;in»nsiofis of an araa and contains quantitiee obaxoc- 
terletle only of tbe detector^ It Boat repreaetit tbe eroBO-aection of tbe 
detector for the absorbtion of energy frow tbe vnv*. nie rlgbt-^luiiid bni bai 
the di Ben si dill of an enei^jiy fliLi nod mufit represent tbo energy flux in tbe wave, 
dnwn to □ nODOrical conetont^ 


be My tentatlyely gnosa that tbe instantanoane energy fliut Bonooiated with 

(hu f * 











mSVlTATlQSAL 


li& 


tf f 

i—} * k-sr-J) ’ 


^Thl w n^ea Eort itf flBBe* in th^ of tyar kUDVlei^e of UEvtoointi 

fp^mvity^ Tti« grwitmtiaOAl aolfwCQcrfy can be vritten ma 

-ralb'‘44)" ® 

vitt h hbviufl ilinanaioii# i and witk h diBensionleBB a* 

- §4 J (^O' ’] 

tfltb ^h.-sb^^Bh , this glT«« ua an tl» aTeraging nn amrgy 

23 11 O 


flUJI 


®G * 8 tG ^ 


with h diHenBicnlvaSi or if h ban dineoaiona OV^B, 


= 


G ~ 0 1 T^ a 




{8.8.8} 

( 8 . 8 . 8 *) 


Kitb this tMtatlv* iflantifiEBtiDa (not* that we hjiva atteaptcO oa propar <leri- 
vstion of tba enargy flm in gravitational radiation) a* find tbe oroBa-saction 

.’rw- 

of the pi^le aat^DM hflire bceii £»HOI during tu lie 


JJ G 

^7^ 




(so- os^}* * ^ 


■i 


(a.8.g) 


for B rtg i*L iroquoncy near reaatukuco. In Elqi wu have TOpfprfrsae^ tJi# 

angular dBpBndtfacfi of the urofia^-eectiiaAp i^bioli may ^e iaa^rtoiJ by nMltiplyinR 
by A factor alii* i(Sao^ 2 fi|f if iqp ta heamirod fnoia one of the Btrese t^ea of 
tbo radiotlcMiv 


For o broad froquaney bond the power abaoj^bed ooob eeoo^nd ip tbua 

GM a^ (a^) ( 8 . 8 . 10 ) 

■where F(ai) d at Isithe energy flu:* in the liioidflnt redlotioD between ifi and 

ke ere hdw Lq a iKOiltion to oonsider briefly euoh experioienial rojfultB ae 
e^iat at preaeat (I0?b) bnt to aei the probieffl lift perigee tiye wa fir at dioeqae 
the geberBLion of gravitetlomil vbvbe oiid poaelble aitrophyaicel BDuroea of 
such radiBliOA* 
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8,0 of grayit.ftfcio-nfll l^aygci 

Ve vill oon«ld«r briefly gravitational quBdrupalfi railiqti^ii[ pnacb nor* 
dotailoiS dlB-pUB0iana Mny bo founfl in Kiantr, Thorns and Wheeler and in 

VelQlierg [ 4 ] * 


Tbe volution (B.I.l) of the ^phonogeneoaB %avo e^iuniioD is 

‘^(i' *> • « J ^ 

For r r ^ wo ton write -this bb 


b^JL, -f I ^ 


For B fixed frequency 




t\ -liut 
e 


Bi^ if the wavelejigth ia large ip eomparleop with the dimeu^iuiis of the sourca 
the Eorrections to the phase of h^{r * t] ilii* to variation of r' noy he 
nared. giving 


%<!• •) -f J ■ (»■»•« 


We ezpeot thin epproxliutiop tn corroepond to quadfupole radiotlon^ Juit aa 
the equivalent approximtion in eXeciroiBAgnotic theory corrsapoodei to dL|MiLe 
radiation^ 


¥e have 


where 


^ r I 


1 ^ 


T . ] T...a®r' 


and if« are iutereBted in i *122 ^ 2 ' 

fqr a psrtlole of ffiOBB H, For a aipgle fixed frequency' 

tgtr.t) 


and So 


where la the enqilituile of the quadripole fliiotsiBtiop* 


(B. 8 . 3 ) 




If ve vurk ia nnitB vitb h diaKtuIonle«Bt and wit« jji c n^lleltjy 




(SU^TXATKlNiU^ 


lit 


The pewtir riidiAt«ii at t±>e freqnpncy qjj im ihue 

' 0 

wbc^Tfl Q ia tbo quatiirupaL^ no^entp 


We can dsak^ a f*>p uTOersc&l eetlmate*, Siip|>oie haTa a eloaa bitiAry jyrt™ 
vitfa a ptrlod T "* 10 Iiouth, the m&BB af each Tnenhftr bain* Then 


vfaere 


Jind 


r^f 


2 X 10 ^^ CIB 


^ 2 tj^ 

Q * 10^® gs cm^ ^ to ™ 3 X ICr^ | 


which ia ^ iQ-* of the liiminDeity of the finii* me enov*y of orbital motion 
ip <!i erg#, a^id ao the decay tlJMS 4hie to radio tioa of flravitatioiiBl wave a 

ip « sec « 10* yearB* This ia a perfecrtly reallatio rianple (the ayptesa 

contolDin* the puliar PSl lal3+lfl hoe very swell theae ohai-aetoriBtica)« 


Xb a H>re eKtf-fflse and Iesb re-alietlo eyfltfliR BuppoBB there to he a pair of aaa- 
trozi otoro, uoNiea aeparoted by only ^ f0^ on , The period wnld be 

■* IQ"^ eet, q ^ and the paver radiated » lo“ er* The eaerjy 

in orbital Botlon voald be efldP^ erg ond the correapondljiij decay time -■Ij'earp 
(mia ie only oae of the reaeone t^by tbil example io ultreBlljtlc.) 

Finally^ suppose we have B ueutren etar rotatin* at a frequen^^y 10* a 

This kind of frequency resulte if you oooBider s star with the nman, radius 
and rotation period of the Sod collopnin^ in a redSna 10*^ exi with Intemol 
conservaiion of Angular momentuia. A siBllar remit ia ofatalDod by extrapo¬ 
lating back the elowdowp rote of the puLear NF OQ33i lu the Crob rLehola, to 
ita birth, tOEH A.D. (The present puleo period ip 33m a J Then 

. P 10"'"'' [q P ors 

and q 10^ a where e ia an elliptlcity factor measiiriitg a departure frois 
rdtailoRBl eyranetry* 

P « 10^* erg a"^ 

and the rotatiotiAl energy ia * 10^^ argsp the conditions deacribed. are oloae 
to breakup and so in the early stngea of nentroo star ferastion one eight get 


GRAVTTATrOK ANI> HEUUTVTTY 


iia 

^ Kj-g?! for erovind 1 b«c « If tJae nautraJi ^'tsr eyc^ida breakup an^ 
aettla« LlowB with * “■ tkfla 



the fflowdtii^ pariodi is *^1 ^rear. 

We way cciwparc these figures vi th the total eaorgy ii'^leaeod lu graviteti oqaI 
collapse of II star lilce tho Btm to irucloar ^attiUae uttero H 10^ cb , Thin 
is -M 10^^ ergs I The oonreraion of 1 ^ Into graviiafciobjil eoergy wduid 
yaelfl ** IQ** orga- 

It votLld aetin that ve have do right to e^eot sources of grevi tat Iona 1 - 

tioci prodiiciiJg mere thou «lfl®*eri over ■* i peo or aioro tbiiii 

aver year, at least if ire roirtritt cM-raelvea to siJBple etoIXer ay at bulb. 

fl ,T AtteaBpt_H_ tp detett j^rayitational yayoa 

Suppose vn have a burat of grayftatioQol radlatioii Issttiig 1 aeo » 

The energy obearfacel in a simple reacnotiit aotfeniui is 

Pj - J pflt "p fa,?,!) 

yhere N, 0/ nad x are charncterljitics of the anteniso. 

0 o 

The first utten^tB to detect gTfflrritatlono.l ratliatiDo vere niaCc hy ¥ehar [B] 

IiIld en^loyed as detectors aoveriil oluoifniuin cylinder b in Maryland and a second 
array fflt Argoou#^ aome away. 

TheBe oylindero hnyo a maaE of X lO"^ gm ^ e of 1^3 on and the n^val 

frequency of th# loveat longitbdiELBl vibration Bade fs lQBCI Oip«@ft ^or -iuch n 
cylindar 

Pj ^ IfT'® F(n^) erg , 

If we talfO Bs a raugb gnille to the signal diieernnble above noite 

> hT h X 10*’^* erg 

for 0 Tioiiie ienperiiture of 3<lQP K ^ then for o pulse to ho detectohle 
Ffyu^) ^ tO"* arg 8^^ |nrr eycle^ 

Tho tuiol energy flna Would have to he 10^ erg cm"®-a"^ over the peried of 
the pulse, If the source were located at the golnotic centra ond radiating 
iaotropically, this Bcuna au energy release > ^rg to make tip the pulsei 

net impoEBiblef but nudging the upper llnillrii we worked out in the prevlona 
seetiob^ 

Suppose on the other Hand 1^0opp.a« Je eiisafitlully an fraqiieney for the 
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tlQ 


r&tution of a oollDpseEl tlfifuna 4 d AtAr. The power picked up eac|i aecouci thAD 
dependB on the Q value of □ reEDtiaili D»ib«flllftJ Tor Vcber^S cyliuOerA the coO- 
otant y m 0^1 ^ 

The eii«r^ ebsarbeti each accent la ^{m ^ «rg* where F ia the inci-- 

dent flujc. If the iteis'^ atate vibratioPAl eoerjiy » kT fnnf detection of thii 
ellttial. Mill tbo fioturnl deony tiise of vibratione ifl the cyLiiidor ia «-10*ec, 
then F «= to* erg ta*^ , Tbia oorreapondR to on iaotropic suurce at tb# 
f^entre of the galaxy radiating =b lO*® erg * 

be nay toaeiiide iliat if we cao plot up ioikiced vibrntiona ai thia ooiae level, 
oataatrophic sveuta near the eeiitro af the goloxy are iSeteetable, hut ateady 
aingla frequeaoy Bignaia qf tho kittil that Bight be prolbiced ovar the fixat few 
yeara after neutrop atar fonaatioD vauld have to bave n fairly local Baarce, 
fl*y within 5,000 l ight yeere^ 

It IB ealiitory t^^alculate tho amplitude of vibration corr^apoaditsg to an 
flinq-gy lO^Jerga * 

10-^*- 10“^^ ^ (Ah)^ 

0 

to Ax lET^ ^ * cn * Ibla ia leae than tho dimaetor ef an atomla rmcleua. 

The torroapondlfig strain la 10"^®'- 10“^* - There are in fact aevoral waya of 
taeaeiLring diaplaceBientP and atraina. af theao eiiea. Weber^a deteetora atlHv# 
the piexo-^electrlc effect, with picEo-el*etrio traneihiceFa glued to the aldea 
of the elkininltiin cylindern In other aiiBLlar aiitencacH two Half cyliodera are 
bonded together via a mlab of plezo-alecirie jaattrlal. The plexor lee trie 
first used by Weber wap quartz, which doveiope 0.IS x Gouioiib surface charge per 
Square Enetre for n strain x « This correoponds to on electrie dipole noiDent 
per cubic centlnetre of e^Hcm for a Btrain af i a dlpoie oaxtaent per 

ttailecnle ^ 10"^^ e-cp » ^ch a dipole moment means a sepamtion of unit elec>^ 
troo cborgeB of ^ atuntic dijaietera, a fractional dfaplaoeaient of charge 

of the B-ante order ae the etraln « 

In Wefaer*a later Work he used ceramic bariiiiB 
titaiiate truns^cera t 4i of dlDeoaiona 
5X5X1,2 ciD^ banded bn the aquaior o>f the 
cylinder, where the airaln la greateat 
With a ourfare area of ^ 200 isi^ the total 
charge prodoced for a otrain cl is 

^ 10"'^ Coulomb, one electron charge^ This 
flnctoating charge wop measnred from the 


Antdnna 



ot £ 
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ffiAVlTilTi™ AND HELATIVITY 


Tolt^g^ aeirDdd a bij^fa bfeb^r [t] giwc thd valent cir-r 

vnii of Fig.8.7-1, wltb C = fiXltT® f , L - 1.® benry, « = 0,1 ohns. ITn* 

inp^iinnce of this pamllel tuns® fa 

H + i uj L 

Ri WC - ttl^LC + 1 

which ia appnxivtely U^RC on reunaEKrer % - ^ ^ ¥%th the above vpltiea^ 

Of■ iO^c^p^a. f l®G0c^p.e^ an® ^ ^?clO* ohna ^ 

Since V ? £Z k ioDq Z the as^lituOe of the voltage fleveloped is ^ ICT* volts 
tar A ebarge of 10“^^ Cooioohi This tlootuating voltage Ifl then fed through 
a lov noise; Qsplifiar. 


AnotheT teohniqna that has heep aged iu to sense the relative df sploeament of 
tho enas of B eylipOer through changes in tli« oopacitance of a poroliel plate 
cepecitor with one plnte linked to cooh and. A roLativo dlsfilacaaoiit of the 
ends of Amplitude 4 1C l0~^*cs boa been senaed os h radio frequency voltage 
of Amplitude 4 K iQr'^ volts, fel^ 


Displacenenta ^ 1(1“^^ c® have eloa been measurud using Lassrs. Tiioing pulses 
io lisited to '^lOcm accuraeyf measureseni df fringe shiftB in aptica.1 iotar- 
feronetry to « cm ^ but hy picking out tbo boat frequency betveen light 

refloctcd bock over a fluctiiating path Isngtb and light which has travelled a 
fixed path, very small Amplitudes can be SKaanred. A bOOOe.p.o. vihrutiop 
of amplitude 3 X ICT^^ ca hos been measui-ad in tills way [s]. ffaia was done 
with 0 laser beam« the two petha being aims of o hichelpop Intcrferoiieter» 
After reconbinii^ the split bean the amplitude Is 

A|siii4£t 4 - sintwt+^)j[ (8^7.2) 


where cp is the phase difference between the beanu that traversed the active 
olid pasBive araa of the interferoiieter. 

<P = ^ i(t) + 

where X Ib the ipotaptiuieoiiis Moqilitbdo qf the vibrntiap^ The reccnblped 

hew is dateoted pbotoelectrically and the output of the photodetactor is pro'-^ 

portfonal to the square of {M*7*2) wbich aftor averaging over tbo optical 

frequency vibratious is --- 

8sid^ut [l + cos 1 * 


For maxiimm senoitivityT cbonso qp = tt/Z when the boat sigzul is 


2A^ 


ait sin II ^ J * 
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Jjflt- 3 L= X tin for mall beat ia 

2A^ lin^uft X tin ca^t 
K a 

flni3 tbe mapl itufl* of the bemi eigfidl yl^lda ^ lipitLoe lactar in 

the work of ref€r«ice t&l wna photdn »oiae« 

Welle r [s,7l haa reported cd incidences betveen hJs HorjUnd bheI Jricmie err aye 
at the rate nf ^ lOO p*r ytarr apporently expli cthle cnly in teraa of pul sea 
of ^diritttionfil radintian. Ip 1^73 he reported tereu ei^eats/day oheve a 
lerel of kT/lOOj [lol. Q« hat uaod the ain'^fl dependence of the orose- 
teciioti to £et direction inforwitiom. finding the rate to he correlated with 
Bidereol time {hut Put witli tolnr time). Weber claiua a cieur except ef 
pulfiCB trertlllR^ alqpg a line Jeluiuf the tolar Bytte™ vitb tb# galactic ceu^ 
tre [ll] a itinple quudnipole antenu It 1* oot poaeible to tell whi-ch 

way Biioh puLeea are trereelliBA)« 

These reaults are aa ton! all ing» S^ipemoTfl explealppa are ebeerred froia ikirtb 

ip otir ^elnity erery few himdred yearB* FrOB ohliarTatioBa of other galaxies 
m total rate of ehout 1 Buperpova in 30 yearo ban heed inforred. For iao- 
tropic radiotiont lOQ detectable polee® eacb year rroa the centre of the 
gelaxy iapliee an energy output > iO^^erg each year. This in greater thnp 
the energy radiated hb starlijtbt in the galaxy, and aeons the oonveroion into 
gravitational waves of > lOd each year* The galaxy oontains star a 

and hftB ojtlBted for - years: this is a level at which galactic dynanits 

ahotlld ho vlslhly offcctod^ Ll^l* 

If Weber"B interpretation of bin data Ib correct, it would Boen that either 
the radiation eniHi bo ntrongly beamed in the galactic plane nr that activity 
In the core of the galaxy han oiiiy recently Bwitched oo^ In either case the 
core of onr gninxy auat he a far more violent region than wo had any prior 
reasDP to BUHpect. 

A noDiher of other detec tori* of gravitational radio tloa iinve been brought 
into operation over the lost few years In no caoe ban- any iodEpen- 

dent Bxperiiaeiit confineed Webar'a axcittog ohservationo^ which accordingly 
■mat he regarded aa far frcio proven. 

At prCBejit grnvifcaLional wave cSelertors are probing intu the region of seiisi-- 
tivlty to strains and the uitiBotc h&pa is to aebieve a seneitivlty 

sufficient to detact csloclysmlc events uccurrlng in the rich Virgo duster 
of galaxies^ 
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GRAVITATtON AND THE GEOM ETRY OF SPACETIME 


0,1 Intro BliCtinll 

Throughput moAt ef this feoph we hAVt la€PB w^rteing Ln tht Jt^isdaid 
ooordlnnte flyptentB of spirclBl relBtiTitjTi W* lei th& covb riant 

€qaotiPtiB for the tenoar grAvitatlooBl anC ebleulated the floflottion of 

light rPlmtiiTP to euch dn Cllptpiaji referepc* fraaii!, tttuJ the oeho dpla^- 

do* to tliP latoiTBetiiin of blpetniiBegiietic wavisb with the grnTltutioiiBl fiild^ 
The equutloni of motion that wro foroeU on ua required o r Bile find tioB of 
mamButuai in addition to th« oWtou* rDdaflnitlpn of otscrgy in the preaeaee of 
gravitation 4 nnd wo tbou fli-a cove rod tb*t « grevitatioMol intent iol difltortm 
ph^aical DEaaurlng roda aod oipwa down alocIcPi rBlotlvo to oiir Olympian rafer^ 
ence fraiao. Ln It freely falling iBborfltory of paieli a^aise that chajigea in 

the gTBViiotiocuil potential over ihv lohoratory ooulil be neglected, wg found 
the velocity of ligbtt BP it wpald h*t ittsoiWTecI^ to be conatont. Wp alao round 
that the kineiuitic o^uatfoua of Special rolotivity repovor their otuodard font 
vhen everythickfi ie neaaured tu locol tenna* A» n codoaquofice the prluoipte 
of equivalonco holds (at lnaat for light and relotiviHilc klnemitloB} and the 
Olyinpian referunto frame ft loBolly uudbservable^ 

In thaoe oiri-ufflitancei wo may oitbor adopt the point of view that gruvity 
bEddB fficnauring irtiokB and eiowa cLockP in the apacetlw of speoiol relDtlvity, 
or we la&y cpDBidor tbeae inotruii^ntp HP ombeddEd In n whicli i* itoolf 

difltortod by the preaence nf moM^ J^’rom thB former point of view fct miglit 
prove ftilvantagenuB to formulate the theory of ernwitation In to™* of the 
locally BBBinirccl quuntitieB rather than pittiug mtobaervabl# reforonco 

frame: frcn the latter paiut of viou it ia the obviou# woy to proceed. 

The principle of equivalence la put In bb the rter-ting point, in tb9 following 
form. In « eutfloiently mull regioii of ipAcetimc, the lawn of pbyetca in a 
freely fnlllEiff loboratory are the Iowa of spectel relotlvityi incXuding their 
numericul eantont. The lave of phyaica In any other reforenois froiM — a 
reference fruai- looked to & grrafritatinf bo«V ^^3.1 uifufllly prove moot coave- 
alvnt'^may he Dhtained by a ooordlnata braaefanfiatioB nlonei end thia irmna— 
fomaiioa la linked to the gravltntindBl fields, 
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GBAVITATIOS AND RELATI\TTY 


Liirfritlx irntiAfornationii lixak nuj 11,111 intrtjjil framts and do iwt 

raDtein any grnvltiitiaiiB) qttriliutei. In on necglej-titlfif tramii inertial 
force-i ai^pfar vhitb are rrflec:ted in the tranefnrmntioi^ss tise reeipe is 
irnnaferpi frctB a given inertial frnna to the inatajitnneauily c*titovitm fram^. 

inertial forces nsy fee regarded na gravitational foreea, but of a partis 
cnlar Iclfid, There eiieti a tFaseXemet Ion {hack to the ariginBl inErtial 
fraice Of any nlher) that cancela llieia etadpletely^ everywhere acd everyvhen^ 

No such tranafomation eaiata for psmwinent gravitotional fioldap A opacu- 
crafi in free fall cloae to the earth hai an aoteleratlnn aa jssamireri in 

an earth¥Ma«fl of coordinates. In a frame of reference falling with the 

apaoocrafi; ibere are (locally) no gravitatlonol effects. The two freiBioa ore 
ILakcsd by a coortTinate tranefanuation^ But If one apAceoraft la falling to^ 
war da the Atiantie Petan and aimiher t.ovarda Si her la ^ the iwa a esq t la ted freely 
falling frames are approoclilni each other at - 2P lea In one freely falling 

frame the ather epaceoraft appeara to be accelerotina at ■^Sa, due to the grari- 
taiionml field of th« earth. It ia when p^enoenent gmvltatiq-tiaJ fields are 
present that we epeok of a curved Hpacetine^ for whAtover glofeal transfomiatloii 
of coordmatea ve ivoket w# CDUbOt globally g«t rid of grevitation. 


ftp2 l^e metrle tensor aijd enuationa of aotlon lit free fall 

life shall be oonaidaritig particle dymiaica &nd the propagation of Light 
in gravitational fioLdia. Cansider a freely falling particle aa vlevod from a 
local freely falling fra&u. The prioclplo of unlc^ue acceleration ttlla uj 
that ooy mMch partiolt ia not ficcelerating in the local freely falling frum*. 

Bet up la auoh A fraase the standard Mes of special relativity (K,y,a, id) 

where u ruttft from 1 lo 4, Lack of ecceleral-ion ia written aa 




f 0.2.1) 


where j rana from 1 to 3. TTse proper time elepicd la the reat frame of the 
particle to a Lor^ntz Invoriajit given by 


dT^ (0.2.2) 

with c^ i- Beesuee there is no aoobleration on Interval of proper Lime 
la itrlctly proparilonal to an interval of coordinati^ tiata At iJi a local 
freely falling framu, so (9*2^1) nay be Written in the fom 



(9.2.3) 


It Is convenient to redofint the coordiEiates in * freely falling frame m that 


= (tt , , y , a) 
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12^ 


in place af Eq. {9-3.3} 



ifitb the Ibvariant interval ^ irhicii ccrrctpeviEli to proper tioie on 

fiven 


T^ cl (I = B - 1.2*3 

= _i a= p = 0 

- 0 a ^ E 


the pArtlclo* 
(9.3.5) 


tie iWV Mice q treJiefarmBtiDU to miDther referonco frope in vtaich tbe particle 
coordinates are ■ where \i now miia fruB 0 to 5 . ¥e do not at thii 
strife attain any eifniliconce to this nm* fro^ of oooTdlnatea.. Ihe trona- 
fomation ctight deocite sc^iiGthiiip ad trivial as a redefinition o:f the coordi- 
natoB in the original irauie, for raotuBpla = ta if there was aope point 

in doing thlB» (1h|s sort of troneforpatidii im udo whenever logarithnic 
graph paper la aped/) Ihe tronsforaatLon Bight niirely he lo aDother frope 
related to the original hy the UireatE trandforwationi to eni aeceierDtixig 
fratne in the ahaenee of perponent gravitational flelda^ or to a Imp# af 
roference locked to a gravitating object Ilk# the Sdo. So farf it do-ea net 
oaitter. The presoription that %# foLlom^ ia that the tranpfoTnied phyaioal 
Law# arfl atill vnlid and irith the aaao mtBericaZ content. In partioiilar, an 
invariant inch aa proper pae-a or on interval of proper tine otill haa the «atiK 
ntiiDorical valne^ E^yaical lana vhich smintaln their forjn and nnsHrioal ooti^ 
tent under such general tranafonnaticna are generally covariant (aa oppoaed 
to sioroly Lorentt covarinnt) and this is the origin of the terp general 
relativity. 


Either the old set of eoordloatea 5 oelf eel at If are auffiitieut to 

&■ p* 

describe coppletely the kntiou of a taat particle. Ve pay therefore write 

U> 

This ia Just nu expansion In terms of partial differential a* Therefare 


- - v’’®.'’** - - ^ 

- - V % '*V 


fo.a-T) 
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The quantity im cjenrly ayMetric^ It I* inpertant ie note tHat the 

quantity dtr^ £■ generally tiwarlBut^ hirring the ampe Talne in either the 
&-fra3D« &r the i-frawe. For exaiiple, in an inertiiiJ frame (a local frealy 
felling frame) the itnrarieat interval la aero far llgbt. la on arbitrary 
coordinate ay at am iberefore tho propagation of light nuat fallou the eqnatian 


o dx dx 


and this Ip b generally tn^arlani equation, 
tmnafom £qp (tip2«4) ae falloipa 


D 

With an invnriaiit<i nc laay 




a?. 


— (—a'l 

iJt I 6t J 
3c d^i 

iJt* 


5 ! 

a*.. 


"d^ 


j.j5i 

dT t dr J 

d . 5'- 

dT 


iJlIa’l 

dT lix,. J 


djc dx 


U 


dT 


dT Bit Sac 
u V 




Thlo !■ again Jnrt an es^nnian in termn of partial differentlpilai remenitieriniE 


that Qoither 




X. are explicit fnnotlops of Ti 


'.<v 


or 


We noii liave a net of fonr equations relating the four con^Hiiieiita # df four- 


aoceloratlon to the four-^relocitieo and the partial difforentiai coeffioleittii^ 

m • 

Wo may onlve them elmultaneonsly to ohtsln the fonr-aecaleroitionp Jhiltiply 
each df the four equations, lahelled by the only Index vhicih Is npt dmnny, 
by lb# quantity bhera ^ hae buy value froii 0 to 3 , and. add all 

four equations^ This operation io easily Written nalng the tonvcntion of oub^ 
motion ovor repeated Indices 

&S.| dT 

0. n 

Sow note tbot 


A' 

. riv I 


H St 



U V 


(0.2.&) 


“•if!!! 


i*.. 




bocaliA^ each coordinate in one nyBleo in a funotidu of the fqlir CaordiiijiteB in 
the other oyotemp Time on ouming over QL we only raioXn the term for which 
|i * X In the left-hand piece of Fq- (9»2«9). Then 
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1^7 






or? 




Cx -dx 

^ 0 


^ dt dT 
Vi V 


{0.2-10) 


* &x 
*jJM jJ V 


The equatioJi (0.2.10) QontBUiK m aingle tnafficleot egiqiDsed of partial differ- 

and we write 

dx dx 




yv 


dT 


_V 

dT 


{ft.3.11) 


wliere the tuefficient is a fimetidn onlf et th# coordimi#* 




Now VB notico tiu&t 


s . 3«s 


■s!“ 




hx itx ] 
|i V 


a*, 


(§.2.12) 


V ^ V ^11" 

and ia olearl? related to the Pe . It lodko hp though the P* mu he 
expreaaod in tereu of the quantity . and ita ftrat deri™tivee and ve can 
at odce antioipate tbit the 


can be interpreted aa gravttat i&nal poten- 


tiaie nJid the F^i flB groTitatioiml fields. 


VIOL 


5: 


doc ^ 

y V 


rP 

ypv 


w* JMiy Bultiply by awwBina over p on the eide before 

atteiQptiP£ to Biim over ij. wb have 




ay 


sa that 




Substituting In B4» (§,2^13) 


*pV 


r" • •p^fiS, • 


(§.2.13) 


The oaly (hiflniy Toriahle in on &(. (9.S.13) la ahorWwnd for a a*t of 64 
eqaaliaDfl rolntiiii the 64 f irat derivatlveo of to the fl4 quantltiea T, 

(aeCBuae la pya^etrlc with only ten Indepenaent oon^oTieiftB we aotnnlly 

hare 40 oqua-tlono reXatina 46 derlvntlFOP to 40 iDdopendnnt r*s.) Thepe 
equatioJia aay he Muffled around, , to yield 




i.” 

X y V 


(§,2.14) 
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vhpr i? the quqnt i ty g 
Wc thufi hpv« 

<IT^ 


V0 


iP die ifnrex-fff! of 6^ I by 




or 




S , —^ „ I j 

dr^ J tit At 



op vp' 


[9.2.15) 


(e.a.ia) 


At tbiJ atlifEO ve ney throv away tb« jMirtial differmitlolo i^olvlog tbo 

5'*, tabicb ara only locoLIy dgfioed, and tilt ^uatiotia of froe full are 

prea^ed in tonn» of the puraly geonptrkc ^unntity^ anO its first derl- 

VBtin^Bs. Til# quantity la aallaO th« Botrio Latijior apd tbs quuitiilOB 

r the Affine Eonneotiana. 

MV 

Ncrtf Eq, (5.4.11) imy b# rewritten with the mir# Indices aa (0.2.1fl) for oatler 

cofiqidriaDQ, (Si4ill) boeotkes 


<V * ’V> 


I!! 




^ J 


% 

dT 


CtlT 

_V 

At 


(9*3.17) 


EqUntioEi (9.2.16} 1 a written in termB of purely gODDOtric qilaPtitika and beiirt 
A ifreat reaeiniilBnce to Eq. (9.3.11) written in ter»a of grAvitotlomil poten- 
Liala. Xf we were to aot 

“fA = V *®v 

tho equAtloop would le IdontlOAl. It nmot be renwwb&rod that (9^2*15) 
fellowa the consent ion 

\ = (ftt . * , y , b) 

while Etl. {ft.2.17) fdllDVB the tonrention df apdclal relatirity 

“ (3t * T ^ Z , i*T) , 

We rould clearly have follaweEi the latter comrantion in the preceding wqHe^ in 
which oaoff in the absencE of fravltotional fiolda g '* £ rathor than 

MV f.hi! 

*MW " 

Theae two eqnotlona ard thurofore idontinal when written being the aanje com^efiw 
tlona and in the tot conventlan Iddntifying 


'MV 


£ +31i 

MV MV 


(We ootLld equally veU r-eio'ite iki* (5*5.11) end ralatod oqnationa in the 
■ o-t oqavenitioii,) Hie temp of the »etr£c teneor thus repro-sent gravite- 
tfonal potcntialii and their derimtlTeR grari tatlanai foroe fieldo ^ the worfc 
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ISO 


of thia eoci thst of flection 5*5 tie nicely together. Wfl liave however 

no recltie CO far for finding the g eprreEipqiidiii|| to e perwaneiit 

■r 

tlpfiAi 


0,3 Cpncemiaa the field eqnatigaa 

In Chapter 4 vf were fBce^^ with the prollen of finding the grnvitfi- 
tionnl potential* within the framewark of apeoial relntivlty. We aolve^ thi* 
problcn by searching for Lorents oovarinat equntionc with th* right Newtonian 
liDlti and had then to detemlne the fiiml form by appealing to the neoKarwnent 
of the Jefleotion of light by the Sun. Tho tensor theory we oonitructed turned 


out in Chapter B to have c inrarlaiice property correspond to ^In S 

grovltntioDa. The Einstein field equations for the arc detenoinad by 

requiring that the energy-»«onifliituiii tenaor shall be the aourco Bnd that the 
right Newtonian liULit obtaina. The oi^uiitioEi laiflt therefore ho Bcmathiiiff like 




g + ? 2: 


lanil 




(0,3.1) 


where J ia thfl energy-iDatticntuBi tenaor of Everything except gravitation anil 
1_ I la the ^latvalent in general coordinate* of the d’’AleiabertlBn operator 1 ji 


Cartesian ooordinatflfl* Hie ^ recogniees the probahlllty that the left-hand 
aide will alao contain products of the acrivatlTea of ainoE the gravi- 

tiitlonnl field eDergy Im a souroe of the gravitational potential. The princi¬ 
ple of strong tqulvalenee io then put in by requiring that the equatlona 
determining the gravktatiooal field ibali theMselves ho genemUy rovariaut, 
like everything claCi There io then only one posaihla for* far the left-hand 
aide of Eq* which gives thi oorreot Newtonian llailt * * FurtherfcDrOt 

in u local freely falling frame where no gravitational cffoetJi are opparenti 

3 ii conserved, Thifl regnireo the left^and side of {9.^«l) to aatlafy 
thi 

four ideutltlfla and tfaia is only poaslhl* with cne ratio of the two pieces. 
The a&t of ten independent equationo (Ol) because ^^^yl oyimiietrlt) 

with the iiD|K>sad identitifa now have four OegrEea cf freedom such that if 
g^(3r) ifl a SOlMtioUt « coated from 

g (x) and any specified transformation of coordlnatea i-* Such a tran^ 

fonutton relates every to the correspondLng flat of and of ooiarae can 

never dispose of e pemiaiient graTitatlonal field everywhere: it Gorrcopiiods to 
a redsfinitidfl of coordinfltco in A Specified mirvad spacetime* this conditioci 
is acESSsary for general ccvarliiiiti of £q. (fl.Snii) * which MJ#t, if the principle 


A term Xg could fae added faut there is no evidence lor the existence 
of such a tertiLp The quantity k ia ipicwn as the eosmolegieal oonitant. 
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of Btradg oqolTOlfipco i« 1i« eq^ually valid in any coordlnata aystm^ In 

flat theory thii conilltiiin a|ip#ajred pa ^auga Iprariu^e, Thv prio- 

cipie qf gen^Ttil QOTarlanc? appLieit to tho gx-avitatiaDal fiald qqantiODfl, 
strong «|pi7aleiiqq« is lufficiontly povoi'ftil flrat ta require field aqaatipJiid 
ro4aeiiig in the veak field Unit to tiie tandor tfae^ry (thua predicting the da- 
flection of light lay the Sun raiOier tha n uaiog it aa an infrat]l and aecbiidly tc 
detemiue witliDiit ambiguity the full field equatloiia Including the nonlinear 
effects dqe to gravity being b HDorCfl of g^BTity^ The eiabstantial naitheaHti- 
cal derelopnuat necessary to handle all tbie huy be found in many ploaes 
It bhaald hovever be olear that for the Bolution of m prubleei In gravitation 
(for planetary action or th# defleotion of light by the sun) It le 

firpt neceeaary to ohooie four can dit lode vhlch offeotlvoly vpeclfy the wor- 
dilute lyitem in vhioh la eaprepocci, Use motion of ■ particle or a 

photon can then b® tracked fn thia coordiiute wys%^ through and 

(9,r2.7), The coordinate ayptm hownvcr has Arbitrary elntfeaiits and id snf cnKe 
la not locally obeonrable^ raat of thla diopter is concertked with vh&t 

the eqnntioDfi of motloD in each coordinates actuo.lLy mcan^ and h™ to predict 
the TCanlta of real physical meoiiuremnta. 


^^.4 The mciflc tensor, in AOUe BiTOle gltuatloBB 

We Want ta relate tije cq* ruinate syetom in which and the equations 

of motion are ejtpreBped to real roeAiureaents. Ve eoiploy far tbia the irreBrlant 
Interval 

« - g^a*^ax^ . {9 AA) 


In on iafiniteilmalLy Amall regicn of opacetljae Inbelltd with coordinateH 
the lowi of physlcB are the boibb bb id 0 Loreptx frame of reference nminentarny 
at reat with respect to tbia GoordiuBte patch. Thli ia bow apecial relotiTlty 
hondlea acceleratiens and it works (ace Chapter In partlciUari n r^cl 

ahart waouridg rod bas the bhbu length in both ByitfmLB ond iclentlcal clocks at 
rest in BAch eyateta record the enDe ipBall iirtenrfii of elapsed time. In the 
Lorente frame 


A tmall rod of apecified aumufacture (for rsaaiplef of length 10* carfann Btoms) 
baa length (if at rest) 

!= <i5| (0.4.3) 

(i rtiiiB fraiQ 1 to A clock at rest ticks off 


Nov 


dtS s: d£^ B dT^ * 

S 0 


(9.4*4) 
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Dr, ■ 

u & 

as 

]£) u 

The quAUtily 36^/^^ ip zeroi bfl^aiiav tJie Lorentz frimm ii locally at r*jt 
witb rappact to tho arbitrary fraiic, Tben 




Ctx, 


and the Ipnatii of a tpaaffiu'iiig rod ot r&ot is fiivan by 


{•*'1^* = “"j “*k * 


Noh 


and iio 


u V 


U V 


« =Ti .ilsi!® "W 

UV s-5--^ - —— 

0 


hcopapB 35| /&s^ iraniabfeB^ and 


*ji, = a». - a.j 


£ 0 




(e.4.6) 


Clearly (US,)* ■ ({-, 4*. «>*. If SfVa*. ranlihes. ThU la not neceBaarily 
1 Jfc J ^ ® J 

the OilS4»| trron thoiist 3S. /B* TreniahBB, ¥fi nloo have 

*ok = at^ ' 

and so DfatAiJ] for tbe cape wiiore vnuipbes 


®oo 

Thua Lhii pro|Kor leiifftt af an inJlnltBalmlly abort l]H^aall^i^g rod [3] ie gtron 


BDd oleoTly an intarvai of proper tine aa recordad by a olook of ppaeifle'd 
uianufaotura at raat in tb# arbitrary fraae Im 4 Ivan by 


di^ - (0^4^S) 

cw o 

Thppe Fclationa ilioiild b« hecaupo va origipally defined tba in 

tens of partial differential ooefficianta Linking a locel IjiroaiK froime to 
free fall ^tb tbo spoclfiad frame: mb did aot specify the relatlTa voloolty 
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of the rriiDi£?A. Mt caa jtet the aamA floswEr in b different way^ [-i]. If 
da. = 0 then eiearly ^ For iceaauresient 6f dlmiaace we enplay 

ft llfbt palae troiiHiiLittecl, reflected! frcBi s mirtar and r«cftivftii di the nri^ln^ 
mid t'$De it vitli a real etoadDrCi The lepgtli betveen eeiiree and niFre^r 

ia Idvntlcal ta th% ieo^th of mn ideatitnl neftaure In thv CdUevldg idei^ 

tial frojae* The prciper len^b ia thua « where 6*^ la the tike aliLpsed 

on either aiandaitl eloek be tween troiiKl aetop of ft IJ^t palae and reception 
df the echd. In the arbitrary eoordlnfttes the prupa^ailon qf light foliovs 
the relBLiqn 


g &x i!bt 

•yv 14 V 


0 


O'r 


ft 

+ g 

"on 

o 

1 r 

■on L 





I*--*®' 


0^ 


Qn the eutword Jauriiay dit. ia poaitivEf on the retnrn joumey negative (or 
rice veroa), The total toordinate tlae elapaed over thin vary i^rt diotimea 
la thua 

^*0 =- “di '^1 “ «□.. Hi ^1 ' 

on ^ 

The correapoadi^g element of prdper tijoB re-corded by the tie ok at tta# ootiree 

«oj - ■oe «ij *'i [9.4A0) 

^®do 

ond At es (viili e=l) and bo 

{ My - } (9.4.11) 

once pnore* It ahodld nofu ba clear that the tieaBtired loceX velocity of light 
ij always the Bame fimaboT o fvbother defined fta i llght-ioc ii”^ ar qs 
3 K ICP^® ciB a even If the coordinate raldclty Is tiqt^ Howr^eri Lf wa tlae 
light over ft die tun ee aueb that the apppoilBiotlon of constant g ia not 

valid, the keastired average velocity of light will not be o * 


We will now ejcanine Boooie oieple caaea in which the arbitrary frame 
related throng^ straight Ilnq inotion to a tpooified inertiBl frame 

1st ^ 

* = J " T = y 2: = a , 

Frcm these tranaforinationa we cmnpnte ie find find of course jr n tk 

pv 'w 

Hio enordiubta time lo the proper t-lae dud ilm qpoce MBHcera are imlfdraXy 


V *■ 

. First 
(8.4.13) 
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m 


p«pflrAt«a fn a veil t^efille'd pmp^r lengtil* The VeloCilF Llgjht i« c(sl) 
in flil aireetlona and Direr any range« botJi in terns of tli& coordiiuatee and ns 
actually neanrn^d: the tranflforaatlan iu the LareniB trnusfonAnllon cliarac- 
tarised hy 

Hr 

¥ 


(U 

dt 


Vow nuppoee 
AkhI n 


5f = X- Tt 


Z ^ I 


(ft,4,13) 


d» 

dt 




hut thin i« the Cralilaiin tranaforBation wbiob ip ahandatiDd in a^cial rclati^ 
¥iiy* In general relativity it li perfectly fl(haiBai1iI«, Wfr at once find 


Jfoo ^ 1 «ji * *22 " ^ * *^01 * *10 




Qtid all otlior conpanents Kero. The derivatives 0 1 the lutrie tenaor vanisht 
sd Ibara are no jncrttal nr gravltatlonai forcePi Thi^ valu*a of the cainpo— 
netita da not idepend on the ooardinatoa end eo the velooity of light it equal 
to e in any direotlen, mEasured over aoy range with a real clock and a real 
neBBuring rod. The velocity of light waetired In terns of the coordinates 
does not depend on poAitluu^ hut' it ia not equal to C nnd depends on the 
direotioiL. 


dac. 

dx 


eo 


IdT^ = 0 *01 ^/*0i*0i “ “oo*ii 


l-v-' 

± 1 « ¥ 


;t 1+v 


dr 


iIk 

d]r 




{ft.4.16) 


d'T^cO 


u 

The rttlaii 1 Doabip hetn^en proper line and coordinate tioe at any point If 

di =f dt (ft.4.17) 

Olid 




iki 


i - v*- 


ALy - Ay , 


^ 


(9*4.18) 


It 1# quite clear what ia happeulugr Iu hath this case and the previouo ceoe 
ve ore iransformiug between two inert lol framea. In the fir at Cose ve used 
the Lorenia trofiefortsailOTI which links EreordictutOe BWasured in rtandpra proper 
units to ooordinaica In the second frane neopared In atan^rd proper units. 

In the Beopnd cope the two referenuB frames are the sam ae in the flrot caoe, 
hut tn the second fTone the coordinate olockE ore all mnnlng at a fsater rate 
tlian standard clocka bo as tp allow Tei deepitB tluo dilAtl-on and the t- 











IM 


GRAVIT^ION AND flOiATTVlTY 


toordinatei are choaen «xpaD<^4 so aa to dIIqv X b x— irt iteapit-fl tliit Ld-rfriitx 
cQErtrBctioQ^ A initian a£ CfiorcliiutaH in tliie frsiae tak^e Ul buck tn tht 

first case [s3 . Tbia vnamplv la helpful in. umi^arBtendinis aeSH of the feataree 
encountered uiiLi accaleirated jeotlDn. 


9-S An exanmle df an inertial field 

Cctiaidar ii apnce Yehicla wi-th its enpinas blaBiiug ao aa t<t prpdQca a 
c<ui slant acccleretiieq g a a peapqred by accEleraBBter cd hoard p Tba 

arcclenHkftter la therefore nocalBrattiifi nt g with rEipeet to tte cqmjTri^g 
inertial frone« We track the Yehlcle frora a ffiven inertial frame by neiog 
the faur-velacity and fonr-^eceleration. In the local instantaneodely codoy- 
ing inertial from# carrying coordinatoa the pmpor time coincldaa with 

proper time an the vehicle, and mo 




(0.S.1) 


and is the only nDn-zero caupanent of the fdur^amoderation. Iiorentx treae-^ 
ianttbiion of the fottr^cederatioii gives in a apcolfitfd inert ini frsoe 


d^JE 


(ft. 5.2) 


Yhere Y ii the Yelocity ef the roBOYiiig inrrlial frniBe in the fired framep 
The fouF~Yeloe|ty ia the canoYitiiE frame hoa ana ciiaiipauedi 


BO 


Then 


Ct 

dS 

(JT 


3 1 


Vl-V^ 


(ft.a.3) 





dT^ s= 


vhenee 


vherc 


^ -i/TT^ 

or - 

■ ' 


(s.a.4} 


— 
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ISQ 


Thia U tlie ^quatloa a1 iwtiott of the Tofelcl« in th* JE frBpe* And ia alto tbs 
pquAtian of nwtion of o partl^jle A^ted on by a constAnt f^me^ for eJtminilo an 
elo-QinoD Id n conatnnL eleQtrin field. 

It ^lU b* Bi&rc Qdiivftjiiont to tioto that eiaod th* loiig^^itxido of tb* laTar^* 
AcceloFation id ou inraTiiint 




Vltb 


MB find 


(f 

{a^ 


* 

Wt j “ 

Wt 

) = 

— 1 

d^X dX 


ar 

E 0 

dT* 

dt^ 

nt 


d^X _ dT 


d^T 

dx 

dT* * dT 


dT^ ' 

" * dT 


(fl.Bvfl) 

(a*b*T) 


Differontlate onoo* rtah*titntfl and soiro. Ttw aolniiona are expAamtiAla 
vbicii can he copbined to fona thi byperliDlic fnnriioiLE^ Since T -* t aa 
at - U Btid 3£ — 4-(tT* , hho ealntiono are 

I . 41“^ {coehgT-1) , T ^ g"^ilnhgT . r ^ taiOigT . 

(reffulta viiidh vere already iiO|iLi#ii by th* for* of (OAbiS)}* The i|uaotlty f 
U proper tiaw aa ri#irtM-ed do a clock at tho uaa place qe the ACteleroRcter 
readiDg g * Wa now equip th« aatmnant in the vehicle with a IrAnmcrlc of 
rods end clocke readim; a coonatimte time = t (01 t which ii the proper tlw 
In the fraiDA iuetanlaneouely ctwaoviiig with the abAwrver^ Ln thie ooBovlng 
friuno w« have ecordinatoa 5^ , (end , 5j) and freejfiii^ the pletiir* inatan- 
taneouAly 

* ^/l - l 

(0.6.0) 

■ 5-4 T T 

T 


XTiT f 

" ^/^^? J 


The flStrsMnt tun cQ^rdiMteB X(0). 1(0); |j^(0) =0,5^ maA tbe valots of 

X , t corj-tapoBdiHi to orbltroiTf nlueo of 5]^ ore obtalneiJ froa B^o. (fi.b.S) 
and 

X - X{0) ■ 5j corfie TtO) ■ Sj Gooh( 

T - T(D) = Binbg t(0) c sliih0 
At the eaemi inAtant of coordinate time, wiheaco 
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X = (g“** + 5j) ooshg - ip*'^ 

t = U"* + S.) iinh B ? , 

* o 

All luiVA Hone i» tfl use spei;:^^! rtlutivity t& fllve nur a 0179110111 ; a rtf&r- 
enc* frmmb isoincldii^ ^±th that af the canioTiiig ia(!>rtial trm Tfith hortatM 
coDrdiiLstvfl£ It la for this reaooti that vt k^op the Infaeis {If the 

ttccelerstion ia not crenetant the ot^iiivalmit frame ta mudb nwre 

ciii^lieatecl, ) We IwVe from Eq. (6,6.ID) 


VJW 


dT^-dx- . . 

* * 1 

different frcriu the oi)rr«apaitd.iiiB te™ in 


(&.S.11) 


*• 


The 9Rly term in g 

=“ (1 d ^Thtift |irDp*;T tlaiE elapead depeiicke en pailtiDii in this 

natural eoerdiiiate fraKp and Ike acceleration as 
departs from the v-elua g hy & factor (1 + g f^) * 


BAjrured at given 


Let ti* work flat acceleration.* ne a fynetion tl poaitlod. To do thii w* find 
the aqiaatlono of Dot ton of a freoly failidg particlo^ titing %* {0.2,11) and 
( 0 ^ 2 , 14 }* The onljr noEi-zorti derivative of the metric iefteor g ia 

- 3«{l*g5i) . (D.D.la) 


If «* eliminate the proper tine qn the fellim pnrtieU frtsm (9,2.1l) ve 
obtain 


«*® 5 i , fl? iiSi a| dE. 115. 

ag2 - "V <*5^ ^ ^v^i f L *L ^ * 

00 POO 


The only non-xerp cpfl^Hments of the affine conneotLon ore 
fl _ J. Qg 


*0C 




(0.6.13) 


ao that 


^01 


= a(U6y-i 


- sd + ■ Sj) + ?i( 1 

^#1 o 


f9eS*l4) 


ia the eqqatipo of nation of a freely falling pariUle, Kota particularly 
that in thia Inertial field tb* acceleration 1* iitdopenUent of the trajipveroe 
velocity^ 


The aocel prat ion r^card&d hj on accolerduetar at 5^ will correspond to 
J(jf^/d|^) s 0 hot the cpordinate tliM Lntorvol 1* not the local frame 

proper time iaterral dr except at Sj^ ^ <3 p At fiiod 5^ tip have 
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JUT 


dT^ . Bad BQ for fiaiid tba a^ctilcratiDD rtiCiQirdiid £■ 


fh 

<*5! 


/** V ^ 

to 


d^l. 










for 



0 . 


Ttie ppqce coari^iiiD'tfi'H arfr uJlifciriii Bii<i idqtropic D^Ofrured vlth ic^til owosw^ 

log rviiat ILe rftofintL wby tbo uccel^rDtiofi d^fforfl frojQ g for ^ ^ 
that Jieezi from o giv^ Luortlai fnuDE tkia coor<llaiitt myittum or tho ipicorraft 
ii ahrinhing longi'tndioally bb tih« ofiBDi^crBft BCCrifiL^atBB — a progroiBivo 
Loreatv. eoutrootioo* If the noEBloration wbb g for all | ^ aa ii could 

vP* * 

be for 5^ mark^ra attacbBCl to Beparote rockflta firiug In an idcctiiCBl pat- 
tern, th»a a glToa length i vonld larreBBe with tiao aa weBBtircd yith Btaa- 
dBrd jiooBtirlng rodt. 


For amll 

t - * (4i ej 5^ 

11)1 • ii obriauBly tbc equivalent of aeitiog 


(a.9.JB) 




(#.6,17) 


T= 

io the Lorcntx trailefonnetion (neglecting V^) rather thao tiBiug the Golilaao 


trauefomAtloffl 




; 


(a.sas) 


It is far this reason tbot vaaiahcBi if irt asatimeil (for tnulL g 5^) a 

tranifonutidfi 


* - 5 i * 4 e 5^ 
^ = 5b 


that] ve itfoald hnV'e 

*11 = »T fioD - . iqi -« ?B . 

Tho proper occalojriitloi], aa aeaaijred by tho aoeolarotioD ta the C frmoe of & 
teat particle rele-aaed fr-^ reBt, ia the futiae in both -CHeEa# 


The caordinatc ryaicot coiietniot.ei] from speoial relati¥ity li*e tho advantage 
that the inert Lai force appoara aa Lho gradient af a time indepenheni potential 
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tliua uturblLy bavid^ this faaturff in CdsiilQtl uitb e fare* ^2e ta a ptFUDniFJlt 
Iftnvitaiiodal 

Laf Us caikfliie {nirqelVcB to h diifficiatitty <iloBe to aoi 

rcBding g tbdt w^? wy ficE 

«o<i =-(i + 2sei5 ’ 

The CDordimile volaclty of lltfht la thms glveii by 

*15.. 

(i + 3bS^) - 0 , + 

0 

wbor« € la mmEmrm^ trem ili« aflcalflniB«ier«, B«cauaii ilr = + 

at a glY^d the roiuiU ti^ip iiiiie dVdr m sl|art path cLaarly glv#a a 

KSaaiirt^d laeal Velgtity dsl ereryvtiere^ 


We can ^alaulata the b«nilin^ af a ray of liglit Ln tbe ^ coardinatea using 
the cdordinate Talaalty.. If vt canalctor a plAna wave Initially ptripagating 
at rxght JiiigleB ta tbe aO celera t iaO^ aay along ^ ^ then the s_rgujacDtB of 


aactioa fi.i y-taL>il 

d^C 

1 dc 

asf """ ^ 

and th* angle P 

giS^ 

after traroraing; i 5^ , 




lliia i# in agreearetit with tbe resLiit qf BOetlqn 1^2, ^dqte that this la the 
angular dcflectioa that waald aetnalty ha HiaaaaTed lanally hacquqe the spaae 
caordinateB are unifoimly apaced as meamirffCl by etan^rcl nvcantrlng rada. 


From we may al*D compute the reflahift. The ia a unlyar- 

aal toarditkate t-iMe^ Coaai^r twq otau^^d qlqcha at raat with reaped ta 
the caardicMt^a ^ ^ one ai ^ 0 and tha gtliar at a partiniilar value q-f » 
Carrespondii^ interrala of proper tine are givcD by 


dT(5j 1. «5^ 

dT{0) = d?^ . 


let the proper frequency af an otea be v . Lot ^(0) br Ehe tlse faettreefi 

two aucoaaalTe pnlaes of meb nn at<HB at raat at D, Beeanae in these 

aoordaatofl g,^ la Indopandcnt of S and the bIdsi la at reet^ tbeae tvo 
|Jcv o 

pulacM of radiation are ^acad by at In thli aaae iutorrol 

of isoordinjitft time the prqpor tine liiter?al ot 5^ la 6 t(5j^) = fl + g 6S{0) 
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in Vfhicli tine (1 + g IjJl pn^ftev ar^ cmi-tted by &it li34atieMl atom hi r«Jit at 
Then 

vi-^. j 

20) 


v(5l) 


vhl£b ogaLa B|[re«a vl^h ih^ af tactian t.2* Note that g can be 

wBffur<eii ep tho aec#loratiiiiL at 5^ = 0 and lea digtap^ie that ph t>4 

directly BDOBmireii with e real Manuring stick. 

Beotipn ha a baeD eoaeDniBd with the idortial fitld appear Inn ^ accel¬ 
erated iBlT^ratory^ In a permoiieDt graritatiodAL field, additional features 


are preaedt bepauBe the ipatiai part of the Betrit tedaor io no longer 


ij 


to the 


9 i The external yphericBllr a^^nnetric grBVitatioual field 

The Einatein field equatioda relate the metric taraaor g^^ 
eDergy^-DOBientoB] aod determine the qiiantitles up to a coordi^ 

nate tranafornuition. tlie quantity on the laft-haad flid« of Eq* (9-3_l) 
coQtaiDS aecond derlTatlTes of g^ oarreapaading to [ [ h^ , and: bilinear 

products of first deri'catiTea^ porreapandiiig to the energy-i&diiorjtiua tensor of 
the gravitational field itself« is thus the ensrgy^idAeiitiiB tensor of 

everyth log arc opt gravity: solution of the Einataiii field ei^ua lions In a 
regiocL where ^ 0 corresponde to the solation of the Newtonian aquation 


in Hiipty apace 


7=eP 


0 . 


The latter equation la trivial to solve for th* case af spherical sysBietry 

^ r 

and wo idontify the oons^tant K with - GN where H is the Jspherically 
ayaaietric) BBSS at the origin. 


The corresponding solution of the EiDsiain field eqnatioEis is ohtaiaed as fol¬ 
lows [0)« Firsts set ? = SocondLy, choose a caardinato eyatw. If 

tw 

the ccordiFwte systen 1 b takeo. to be in the re at fraiae af the sooroe, It s^efits 
natural to choose coordinatBs ooeh that doe a tiot depend an tiHOf Wo 

Would sIbd like iiHO-orthogoimL ooordinateB: that vauiehoa. For a 

spherically syne trie field it £s attractive to leave the tangential part* of 
a saall intervai aioue^ aud vrite 

df® H B(r) dt® - A(*) dr® - r®(iie^ + dq^) (fl-fl-l) 

in spherical polar coordlnatea, or 

«„ = *(r) , ggg = r® , - r®.iii®a , «„„ * - B(r) , 

The effect of the gravitational field fi embodied in sad ^ 
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This df Cooi^fliiTatefl oati&fi^a ibe EinPt«iE 1 flelfl M|Udllana irith 


UV 


0 pruviiidd tli&t 





Sine# the HrAVitatlDnal field im given in Nevtonitin llait by i tp* 

Constant K is with whore M ia the mnae conuiiiieci iwitlaid 

r DB r -* »* This Is the SchwarxBcliiId ejcterior Bnlutiaa in Btanchird coerdi^ 
tiatea 

H - r^ii9^- if^aia^flaep® . (9,a,3) 

" r 

Tine is affected^ radial len^t-ha dre affected but tangential length# are fidt. 

In Chapter >0 w« that all ehart lengths bere equally affected by a gravi- 

tationai fidld. It ia theref-ore not surprising to find that vf can redefine 
the radial caordlfuite r eu ee to aicliieve this aa a properf-y of the 
Sctnrarzflchild iolution^ Sot 


when 


t- 


MG‘‘* 

2pJ 



(b .a.4) 


M that 




dr = tlp(l + 






{B3,a) 


This expreEflSE the Schvarssthlld point jon in isatrapboardinates* If the 

SchwdrsfbblId miriir is used in the Btandard forio^ th* equatioiES of BOtidn 

roBultiiiff nre tlasely onqlogons tp the MewtoEtino eqTOtions of Bation. If 

iaotroptr eoardinotas are used neiigttrcnwnie over s^ll dist-anceB vith real 

rods are related ta the cnerdijiate InicrrslB merely hy an Iaotropic ehniLgr of 

scale, Furthdrsiaro Id. the week field iiout we- obtain preciaoly the teiiBor 

theory of gravity developed in the-fir^ part of this hook from the equetianB 

n h a 6 

W uv 
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B&th syfltMa of door dilute« ere widely Bped aad neither ia ia ony seaee the 
iBorr fundoncntai. There In a third Eyatodi of ooordinatea also fm^uently 
enoopiitered^ the ho- called hanMnic flyoteifl. of coordinatca Ct] in which 


<^00 


^ n 

iM 



®to 


;=r 0 






To firat order in the tinuilly iDOBli quantity GH^R or g.j and 

itk the iaoiropir coordiiute ayetom and the harsonic coord inite oyaten agree ^ 

The Torso of olae agree to perond ard«r. ConBeqBecitly tho two ayatems 

are equivalent for the »lar sy^tes neaaureBentH we have coiuldered ood we 

■hall diaeuae the harmooic flyetes- no further- Bowerer^ the atondard nnd Is^ 

tropic fonm of the fiotric differ in firet order in and g^ and in 

aeoend order in g ^ The physical content La oouetheiea* the uaat, Wo 
oo 

iiholl wort out the predietlona for the BBBauroble quantitiee alrca^ dlaoiiaoed, 
oimieLy the gravitational red^lft^ defleotion of light by the Sun^ radar ooho 
delay and the precesaiou of th* pertbeliod of Wcrnciry, aping both coordinate 


oystoBB, 


7 The gravitational redghlft 

Conalder flrat the gravitational redahift. An interval ol proper tise 
la related to aa Intervol of ooordinote tiiae through 


dT=S::V— K dt {9*T,l} 

OD 

fnr a cloch at real in the coordinate ayntem. At two different Icrvole in the 
Bravitoilonal potentinla dlfferont tntervala of proper tiioe corroapond to the 
Haute interval of coordinatt tiaii- Lot two put see of light he enltted fros a 
aource at a radial coordinate r^^ an interval of coordinate tiso fit apart- 
Tho of the loetric tenior are independent of coordinate like co that 

the coordinate tine Heparation at a radial caordinate ie atiil ^ . 


AT(rj^) 
g (r.) 








Ed 



(^,7.2) 
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mVlTAtlON ANP HELITIVITT 


To firpt OT^KT iQ 
Oarfl coord1oat«a: 


r , haj^ tbt! aoBie forti for either iaotropio or -ataiv^ 

ualD^ t!b« standard fariP 





( 9 . 7 . 3 ) 


Tlif &f ai^uLa v roo&iv^d at r I Bespure-d vlili a real aianilar'd 

^ mCv ^ 

Clock, !■ roLated to the trsquancy of the une olgnala aalttad at r^ | eea- 
flurod vith a real Btaadard clock, hy 


or 





I ^ GM 


ii-fl 



( 9 , 7 . 4 ) 


The frequouciea ood are MeaaurablE i|UAELtitiep» Itie rifht-^liaiid aide 

of Lh.io equation bovevar contBiiif! the coordinates r. and r #nd a mats H ^ 

5- -1 

Is order to prediot the redehift ve need tq reduce the rlght-haiid pi do to Dea- 
purod i^yaQiitirji, Over snull dlBiances 


V - 
2 1 


GM 


Ar 


Ar = 


Itie quantity Ar ia a coerdinate diatance.. The radial diotioice Ali betv^-en 
r^ aad r^ kiaBEured idth a real isea^iLriiig rud ip related to Ar hy 

AL = ‘J'g^ Ar * Ar 

if we only want ilie osqireaeioc for the redahift to first orderi. We Bay tbora- 
fore reploce the eoordineite intorral Ar by AL „ seaBiLred vitb ^ real neapur-- 
ing sticks Finally, the acceleraiion of a freely falling port id# i« glvoD by 
Eq- ( 11 ^ 2 . 11 } and fpr negligible velocity we haire 


d^r 


GM 


di 


* = '7J ■ 


( 9 . 1 . 8 ) 


111? Bcn^nr?!! acceltratlcji g is equal to d^/dt^ if ve Ignore oorrectioiiB af 
drder GJi'r and higher pewerB, so the redahlft recipe la, tq first nriler in 
the grnvitalioual potential■ . . 

^ - i AL 

on expreeaion whieh oontalnp only iMOfiured quaniitieH. This freqnojioy ^nift 
clearly diaeppears If the laboratory conioinisg the oeurce and the dateetor is 
in free fall Lnatead of fiired J» the coordinatea. 
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Deflect ion of Sim 

Ve will celttilttt* thr defle^tto^ llltht by #ettipg **= 0 for ft 
pnilte or wft^ftfront Btevtag at Uio volocity of light- Itio coariSiiuito vftlooity 
of light Iv tJiHii givna. fey 

a ^ 0 . (S-S-1) 

•w U ^ 

The laOAl volocity of lights ab moaeurod hy tiJ?tliig gtrer an inflnlto-iiinflil (Hb- 
tnnoBf uBittg AtmidBrO clockv Btrft roils^ is olwayB t ■ 

ConBidor a plono watg propogatiiyi At right fitiglAB tn the gT«Tltfltiqiial fioLii 
ifl ft solU Iflbomtory* Lnbel th# radial coonHuate by y and the iwgetitlal 

cQordlDAti hy !f * Theft the nagis turned throngb In diaiArLce is given by 

Ob n ety 

vhoro n 1 a th« taftgeniiftl oDordlcete velacity of lights 


In lAotToplc] OftordiiuittA the caordinBto volociiy of light la. noy direotion fe 


(-s)(-fr 



(S.S>3) 


*0 


sl 

dx 




{ 0 . 8 . 4 } 


BecAuse thin coordinattis are ieotropiOv thlt angle prsBervos Ita TAlne in toaI 
imllAii But We Aeasure it with a belesoopo clonped bo tho for wl] of the 
laboratory of dineniiioii 5x « Now 

Ai^ = (.1 + S)* " b- ' (BS) 

So the vails of the Uboratory ore set at a aiaall Angle to the ^ordionto 
froDi!, jiiat oBoogb for the t«le scope to oeaeure ao oiqisIo 

m (coBpere gec-tioft 8.2) 

where AL is the oeeffiired dieiftitce Aerosfl the iDborataryf sjid the quantity 
= g Li the joBAPired ftooBlorfttlftR of a slowly aioving parti ale. (Ttufl 
result la again only to first oi^or Iji QlvrO The vuriatiqn of \l+’^/ to 
relating the JBeaflureojent syatefi to the coordinates can only bo ignored if the 
firBt deriviitivfr of W/v can be igiuirad ~ In wblch case to thia Approxlmtion 
there !■ no deflo-aiiotii 


In Blandard coordinAtcB the picture is a little Oifferbiat-. 
rBlocity L- , ^ (jj, 

« = V 1—T ^-T 


The tangential 

C«.a.e) 


QH-F 
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A tangeintiAl l«i£4ttb £L = tx became 






A iQl^th is related tis- 


*06 

Isy 


"|?S? 


(fi.a.i) 

haire tlieir flat spac# 




Ay 


dx 




If ve emjjr vaot an ani^er to fixet arfier^ pltl« valli pf tbfi labcTatary 
are parallel ta the y ceqi-diiiflte in this case and the teiaacq^pe neajuxea an 
on^le g AL^ qnet fecra. 


TliiiH if calealata the reenlt qf m meaaur(went af tha deOectiaa af light In 
B sBBil lahoratory at reat with reapert to ths sonrae &1 kuihb M ^ we get on 
BDover Independeiat bf ^hi-ch net of toordiiuites we usail, and tbe BDov-er oiitis-^ 
ties the prlncipla of equitral^zicB* 


Hie Coordinate dofloctlon af light startit^ Ita Jonmey vary far from the 
deflecting oiasa aad holng received very lar from the dofloetizig eiaea can he 
ta icrujated by iDtegratine the defleq-tian over an (appii^xlditately) stmight pathk 

=IH* 

aa in section 1*4- la laotrapic ooordinotea the velaoity is^ to firat ordorx 
Of 

l-2“* It ia clear frop ctu^srisoD with leotlbn S.l thnt the deflettloEi In 

~1GM 

isotropic ccordlDatea ia then given fey q. ^ where b ia the ip^ct para- 

■etert approTfiUBtely equal to the distance of closeat approacbK 

la standard E::oordinatea the coordlEuita velocity of light Is diriotian dependent 
and the treatnent is a little i&ore cniiplicated. We can either solve the equo- 
tiam of fflction (i|ip2«l&) or alpply use the variation of the coordinata velocity 
ol lights la the latter approach wc twice the condition for light 

dt^ = U ^ df^ _ “ r'^{dg^ +sln^e dqp^^ fli.8.0) 

and set ^ 

£S 2 i ^ fc_L (M'l 
dx “ a dy By Vdt/ 

aa before^ Mere x la the diciajice along the patht with ^ 1^ We choose 
§ a Si3*, so slB=Ot and have 
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(■« Fig^,Sp X) wltJi 
- -2 dt X Xr ^ X 


Me PQV b^Vip 


(e3.io) 

(te first or^tr) Biid the Telocity of 
light along Its oeoHy atrolghi trsjetjtory is 


Fig.B,a,l CwjTdlBatsa esnploye^ In 
CAlcnXotiug tbe deflection of light 

fay the 5up» Eq. 


dt r V ^ 


fe.s.ii.) 


f'tl 

When ipO thiB Is tBogeniial Telocity^ 1 -— t 

2ihH 

radial veiofiity 1 - - 


Ihec 


_ 0 


4^ 

h 


(tj.e.ia) 


nti^e iwrc» 


Tba ebaqgB in iixt|l> with h ralatlTc to n iSirectioB (for 

oiuiwle B More* not pinnlfieontly offetteil) in thua aiveo in either atafidaril 

or laetropic coordlfietea fay i to first order In , The angolar ehimge 

ig: Idientiool to that sctuolly Deasnred in ta^^tnpU eoonliQBtea: in fttnadard 
odordlnates the difference Ln the ooorCIliiBte angle and the wasured oi^Ie i« 

Q (™) where B £> the radius of the Earthorhit: eOGh carrectiona^ of the 
orrisj- of one part In 10** !c=an he ignored in this prohleip^ 


B.B Radar oeho delay 

The Bxceae tline delay eacauiitered ip radar eslio esqaerlsieiita Is Bore 
instrustiFe, The tiw for a roupd trip faetween the Eortli and Mon^ury is 

t = I? J (^) ^ ‘ (0-9*t) 

In isotropic eaqrdlnates we set 

^ 3 GM 

dt * " r 

aa IP saniian 5*3 and ahialn 4r r 1 

ij = + + 4 CSA^ in (9+9-2) 

vbere h is defined'irj Fig* S. 2.1 and is approxiufttely the iinpaot paroaeter. 
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In •tanelaril eo<»rdiiut«a, usiim (0.7.11) h» Iibv* 


" CM. 




*s “ • «"s - *"o • 

Xu ttieev «)qpr04«inad wa hmvw Bet ta 1 ?^ and %u tJi« 

ri thutctMTHB. ¥c can «i^reBB and in xht i*ro* or^r term tbrou^ 

B ‘/r^ - but It la tetter to e:i:pT408 It Ln ienu of tbe dUetnnce of clis- 

aeat ap^profecb to the Siiti, r^ , Beeau-fla the angle tiirned tlirofu^ In going; froa 
*=0 to 3[»r^ la a^pro:3[l.iiatel7 , wo liove 

*, r ^. a I * i 20H 

= V/rT “ 






o 

Than 


whore p la noPr-K^TO bacanae ^ . 

* + '/r® - r® + 4 rai 


«n6 

sad 






d 

•s ■ n./^* ’*» 


(6.0.4) 

(O.O.B) 


Theod two ooavara era difforost, hut are at ode« reoeaollod hj roBODhoring that 
iao tropic coordinate a are eonatruoieii from etaudard coordinate a by tba trana- 
formation ^ 

rg = i-j ( i + - rj + m CC.O.fi) 

Leaving everything elae alone. ^ 


The qumititieB tand are not directly meaaurahLe: rothar tltoy 

are coirrenlent parnuetorB related to directly ttoasurehle quwitltl«a« The tine 
interval bc-twatn the tmnaiaiaaion anu receptian of a radar jnilaa Ib m#BBtired 
with an earth-baaed atoDlc clock which ia niiitiiiig at a diffonrnt rate from 
Coordinate tirae^ Ihoro are two iiqt>^BdieJi'ta in the traneforiBatlon, Becmise 
the clock ia Id the Sun'i potatitiBl (and indaed in the potential of tho Barth) 
We pick np a factor 1- {GM^Fp) aod hecauee of the. o rhitBl vel ocity of the 
Earth relaiiva to the coordlnetcN we pick up a factor | where 



T^e meaaured proper tJjw intorval la thna related to tbo coordinate tine 
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intarral I 17 



[0.S.7) 


(to first ordCT tn - 

Tha toiol trwerl time im ^1,2 X 10^ stem for ths Ekrtli-Merctti'y-^rtii trip 
esii Uie eorrtctioo fiiotdr Is & x 10”* ^ iotre^cine e difforooee between 



erav-itstl&n Is ^ 300 jjs p 

Tlie peTKfl»l«rs iun3 r^ or* net directly mtasQreO eitliflri tliey laiist bt 

related to A i>ia»thI which can be meaeurftdp Fcr sxBuqile^ meaenrisactii ef the 

tlpe -delay liheti Mercury is et Inferior cotijuuciian (betweeii thB Earth and the 

Btm} and at extr-eod elongation provides tvo^,tines in tarns of whirh and 

r can be eTmluatedp using of course the e^oetian of Dicitioi] of In the 

n 

Schwarascbild field, generally^ ohpervetinaa of the tine (tfllay can be 

laada over a period of one or nor# years end th* Bnootioni of ootion of light 
tested against these re®4lta^ with and ae imriiiiietsrs to be fitted 

along with many others« Altematively we nay use the directly jseasnrable 
orbital p«riitdi and tb* eqaatioas of motion of the planets {eapresoed in 
Schwarasdiild coordinates] to detenaine and p In Isotropic coordi¬ 

nates the iiquBtioni of motion ere those we used for c«l.$ti!|atiEii the preceseion 
of tbfl perihalLoii of Wercnry in Chapter 7 so that the period of rorolutlon 



wher* 2p The fflibstltution B=h^-GM Uhea ns to stanaard caordidstea 
when 





which la the Ntwtonlim esq^resaionp Vo thus see (indirectly) that the coardl- 
nate tiue period £1 related to the Doordinate radltia of the orbit bj the 
expression obtaining in Itoftanisti gravitotioEij II we os* wtafidard coordinates 
rather than isotrople^ Again It mnat he rimraaberod ibat is CDcrdiniite 

time and the period pea mired vitb. an eartb-baHed oiamic clock Biiit be tonrefited 
to give Tg 4. Ibe qnantity represents a distance of l.&imi and a time of 

travel mt the velocity of light of 5 pa > 

It ahculd be clear that th* prohlem of testing the prediatipns of gravitation 
for rador eclio delay is perfectly well defined in terns of nennorabla quanti¬ 
ties* hot of great technical (rather than cooeeptml) coi^letlty« Intereating 
detailed dlicussione eMat i we only remaiie that the prodiotlons of 
Einstein's theory ore -wiTTently verified at about the 3^ level tfl], 
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The pjieceejjiQp of pimtetary g*fihelia 

Tfae- prEcpBitloit cf pi ant* t ary pfrrifaelia ia mor^ coD^lJejited ta oaLauifiifc, 
didci* vc tiecd tike eqimtlfiii ai laotian to aB£^el orilar in huiII Mow- 

war, cpin{3Jiri9on of tho oquDtioDO af itootioa and tJio ScliwarEAcliild loctric leosar 
in lootroplo eoardinaton tlia %ea% fill'd tanur niufttioiLa of Chapters 6 ana 

7 (vlth tho n^n-l invar paz*a&ieter d a S} eihova that we have alrea^ aolwd the 
prohlcro iP ilOtropic tJqordiHflteB : thv oavnncn? le 8 TT-g- radiBna per rKvolntloQ^ 

Ip otandard coordinated v# vrito 




00 that 



- Or' (t 

r i V 

(9.10.1] 

*tt 

.,(..f!j 

a ^ r^qin^i 

(9.10.3) 

*00 

= 

.,r-o-¥rJ 



It ahopli:! be oloar that oiitco io a poteptlol wMich couplos to the B^uare 

of veloeityt ¥0 neod g only to first oriJor in CH/r * but g.. to seoapd 

■Tr til 

orderr fa cpntraot vlth ifotropic -QaoriiliiiAtei hovevorr thorv ii no- nonlltiear 
teroi iP in otoodard coaraifiBtBfl^ Ve oholl obtaJn tho octuationa ;,pf 

[Botlop In atandard caordmatea and thep evalpato the proceoaidn rate by the 
approriiiate nethoda qf Chapter T* We work in polar coordiiuteq, both ber«nae 
polar ooordliuitte are appropriate tq the probloD and becauea im djogonal 

in polar ooordipatea e the atonderd Iotv io not di mgniiwi whon eapreaaed in 
rectangular cuordiuntea^ 


In principle Mt iwat coi^iiite the affine ftelda and then solve 

d-^ac ^ fli 

but we con enploy iloffl# aliort <rerta. We cbooao 0 - to daflae tho plane of 
the orbit ond od or* not Intercaie-d ip the #c)uatiap fqr 8* Furthor, If we 
find the (iPOiTitritiofl at/dT ood iUfti/^dT we can then nee the eiprefloiDn fqr 
proper tin* to give ua the equation of aotiou for t ^ We thorefore only need 
to colcuiatv iho ponvaoiabing nepibvre of and ^ 


try 




Now 


A ^ ^ 




cau.vtmi{^>3 iM) TSE GBOHErmY OF fiPACETIHE 
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Odd diu^opAl the of Hie itxvmi^M eratriiE are juat Ui» 


reclproCAle of the oloMiitH of g 


va 


Vo bftT* 


all other tor™ ^uiahinit wtUi 


^ * ('■A • i.‘,; (S) -». 


rt r* i 

^rt ^ Hr ^ ar nt ^ 


M 


and mth B oonitant^ dQ/dT a,*ro , we hnr# 

rtp cpr, 

all other tenu Timlalildgf with 




(B,10.5) 

(a.ip.a) 

{0,10.1) 

(0,io,a) 

(a,ni,B) 

(0.10.10) 

{0.1O.U) 

irihert th* valtie of E 1« dtteniiDed liy tli« velocity of the p«rticie, Stnllarly 

11 




Ihed 

iH aai 


dT® ^2 ^ 


flt * ^ d-J 

dT ^ r 

whence 

i j {-r 20^"^ 

and 

dT _ k{i~^) flt 


a® 

di 


2 <*r n 

*7 -T ~ ^ 


whedte 


or 




tn — -K 2 til r aoiutflCii 

0 T -- 

’Hr ^ conatMt m II 0 


(ft.lOaia) 

(0a0ol3) 

{9.10.14) 


Thia eqqatioii claarly expreftnep oopaervaLioB of apeolar Bcmiintiiii. With 

= (l.^ dtS . dr= 

We cad o^reiiii the racial equat-inii of notion as a fadntioii of cither t or t s 


1 = 


f. 2G#r,-i 




or 


(t.Sff . (i.Mj . (*) ^ 








lao 


laumATION AND BEUnVm 


F«r the aoDieat ve work with tho loiter form, which we write aa 

\t ,.1 


ifhere 


r 


{8,10. M) 
(8.10.17) 


Differmitidite (9,113.18) with rcepect to tint and obtoin 

.2 




Ve drdp the lapii tem and wite 


Mf' h^ / 

For a eircular orbit —r I ^0 an d oa 


in 


^ _ s* 

^ 3 ’ -aZ 


2G5rr^ 


Fron Eqa. (0.10,17) and (8,10.SO), 

lit 

ood the rototlonol period in atondard coordiuatea io 


(g.10,18) 


(8.10.30) 


^(p ~ V (a 


(0.10,21) 


which ie the eame espreBsipn cbtalolnA in Nevtoaiaq thaory (sao Iu|, ( 9 . 0 . 8 )). 
Wii liQui Bet r = p + IL and attain 

an^ the r^dinl p«rJpd T|, ii fiveo hy 




(0.10.29) 


The ollirance of the perihelion each revalntloD la then 

A .. fiM 


:n{g - l] - Orf 


fflare. 




GRAAiTTJlI'IOK AND THE GEOMETRY OF SPACEriME 


15] 


RcfBrenceg 


Ll ] W«in.lii 0 r£, '^raTitatian and CofliDOLo|j:y\ (Wllpy 19?2)| Ouipier 3* 

[2] Far «]raflplei 

H.A, Atvuter* 'ItrtmEliicildQ to 0«ii«rdl (P^rfioeap 1914), 

S. Velnbcrgf ‘’Gravitation end Cenmiggy*^ 1972)^ 

C. W. Mijan*r, K*S* Ttiorae end J,A. Wioaler, ^i^ravitetiop% {Freemin 1973). 

C- H^llvri 'Tbe Theory of Balativity', *d-, Oiford 19T2)* 

li.U. Lapden and E.M, Lifochltt, *The ClaaalcBl Theory of Fieliis', 

(PernDiDfiP 1062)« 

[3] C. Mjilltr, THe Tbeory k EoUtivliy*, ed., Dsfard 1972) 

Sootion 

[4] L-D. LiiRdeu oPd E*H. 'The CUflHieol Theory of Field[B% 

[PorgBoon p272. 

[s] €. filler* ’Th* Theory of ReLatiTity'i (2od ad,^ Oxford 1072) 

Section 8.14. 

[b] s«e for Ollan^Lo any of tbe otandorij tOTto Li*t«0 iinOer 

[ 7 ] S. VeititiOrg, 'Gruvltotion and CooiBalalty'■ (Wiley 1912), pl6l. 

[s] l.I. Sbepirw, Phys. Her,, IW, 1210 flOOO) 

Pbys. Bor,, 146, ITOS (1966) 

D. 1C. Rorp oDfl L.l. Sriiifl, Phyo. Rev., m., iZtR (IflW). 

b) r.I. Shoplrc, Pbya, lUr. Lott., X, 1132 (Mil). 

Andc^rfloD at al., Ap* Jo, 200, 221 (197B). 




•* ** 


I’iNStcY )• (MLw4i>>in U ^)i 

^sns «:U^ 4 j»* Mf i7y»gUM— Im <fii4l! twm 

i^"* **'^~iwlr i j 

«»Ca<x irt*Mr %4i ^,;«fftJ*«siii iy 


a >4, 

w foiaM. 


J . “1 « 

- M ft^- 




4 #..J /•—‘ ll .* 


- % 


ftt» •. »« i^Mli i’|^s-9xai»4 i» 

4fj *»W 

r^. R! . 

«ii^ 

ja 








rHAPTKK 111 

BLACK HOLES 


10^1 Strana jfraTittiiiaBAl fl^lda 

In tVifl flevelojBMJtit of th^ rBUtiiriai,ic ficia of Iirftvlty, v* Moot 

qtilf ME far flB fir#t or^er in tb« graTi tfltionfll iiot^ntlal . W0 tackloD the 
prD^iBm of tbf prccevflioD of planolBry perib«lin< vbicli (jrroLvod ifeeoiid oritej: 
toj-qs, li¥ Bii|ipD#ln£ g-mritation to ob&y the principle of DtroPfi tqulvolence, 
blit vitiioot dAnoj trot inf that on ifitornolLy oooEiEtent theory re^ltE- 

The EiiMttIti fiold eqiiDtiiiiis^ iii principle, art exAet and thuH provide us with 
the meane to ooIcuLate the effect of lEUclk uTaHtAtiomil fields of any etrengthp 
We Bast rOOaStililO howiiver tbni *11 teat* as far nAde hoire been acnflitivc to 
terras of m mare iban oeecnd order in (M/rc^. thtE quantity bElnfl od greiiter 
than In tliia chapter w are concerned vlth atrciiig grarltatlonnl field*, 



Wc are alrcaiSy owlire &f optroniMiiicfil object* illl the vicinity of which aach 
atrcne fields exiot, althca^h we hav* not cm yet boon able to fftnfly phyaionl 
prcoopaeB ep cIdeo in. These ohjootE are jjfol&arB, ao culled berouae thaj? 
«tit pulfoa of radio vave* fonO in oaBC caaos Tletbla light) with cxtriMe 
rcjcularityt the polBO period^ lyfr^ in the range '^&0 ]bb tp 1 aec, [t] * The 
exirene regularity arguas for e clock: of etellaT iBaBBj whila th# short pulee 
period reqoirea the dioenFionE of the eioiitiJig region to be leas thoD eboot 
CT^ tCOOkm for T = 60 s* « These qhjeflta are believed to be neutron Etara, 
rotating flt ihi pulAO frequency and producing the polHes by the Intcractlan 
al B ■Bgiielic (lli«le flBld vitb ibft «irn>«n<Hiig plftBu, ta] * AlthaTi{(li th<i 
Bechaniani of ferBiktlon of fluch neutron Stars ts not yti oLucIdated, it seoDtA 
clear thoi they resnlt fron the gravitational col lops* of a burnt- opt steliar 
core^ When the core of a a tar hue oxhauated it* nnoleEr fuel, thcnsBl pres¬ 
sure cnnnat Support it and if its debs exceeds prcEsure exerted by 

the Fermi scE of electrana oBinint support it Egalnot gravity either, *c that 
oollapae is inevitable^ sgneeKlng tfae eleotrocm into protons to fans ao itinense 
miclfFiiH oonsieiiiig Almost entirely of neutrcmi. The pnlaar NP 06^2, in tbo 
heart of the €rab ncfaula, itaelf the rBxaodt of the pupemova explaEioo of 
lOM^,iA slowing down and the rote of decrease of rotaiional anorgy, osEiLMiing 
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thv pul Mr tfl bfr ldtl««d & umtfDii atur, aXvont ra»atljr natcli^iii tli» rate At 
which anei-g^y ie radiated {rnm the nahula* 

At tha lurfacA of ad objact af mamm and oualeiir ilatiiilt 3 i^, 3 X 

the gravitotidnal patent ini la 

■2^-0.1 

rc^ 

the flurface raditia baitifl ^lOldi . 


In thla chapter we ahaLl aEd^ csuBlne the prapertiae of atrouf frAeliatiaaal 
fielda daacrLhad by the Scbwaraaohild Bvlutiaa ef tlie;> field eqaatiana^ These 
fielda lua epharicaliy ayBi»tris and pa epzT«Bpaitd te a ndn-Tatattng venree^ 
The flelda.^f rotaijUlg poor pee a^e af eourae ef much greater eitTephyaieal 
interaet^ but we are cempftmad here qnly with eaplaiai^i^g what ia raeaiiit by a 
hale and why it la black* 


lO ,2 The uruMiratioifl of light in etropg fielfle 

Cduaider the ejcpreBsiou far the proper time Interval In the Schwarnichild 

fields Uaiilg jrtabdard Eopr dine tee : 


The radial velocity of light la given in tem of the coordlnatei by letting 
. 0 (and dtp » d| m 0) 


dr I , 2 GH 

nr * * * 

^ ! dT*»o 


(10.3.2] 


The SchwarzachlId field of touraa applies to the anpty space nuiside a spheric¬ 
ally synBetric source^ If such s aourca Is concentrsted within a acordinate 
radius. < 3GH/c^ , then there erleti a radina^ the Schwa-rsisthild radius, 

V. * ■ lU ;.Ur¬ 


acil 


at which the TUdtal coordinate velocity of light is aerop An obperver at 
infinite distance frun the source hos s clock running at the coordinate time 
rate; h^ -sees' Ll^t pasiiiig the r mai^terp pi ever inrreaslng iDtervele of 
hie tlioe, stoppiog altogether as r * We must of ooursa he careful nhout 
the interprciatlon of this result becauae w* haws not epasnined the algnifi-- 
oaoco of iho radial coordipate* 


The proper length ol an infinitesiniil measuring ifod, oriented along the 
rediua vector, At rsjrt at radius r, is 



m.tni EDI^ 


im 


la 


f— 

= 1*4 Jl * 


aiH 

r 


Cr = in- ,1 

4 

Aa r — tjie V nlaiitilTJi nre |ettl]3(g 

& 

We my owlMte the tlm tak™ for li(Jrt to (*l out from rodihfl r by inletfret^ 


iae (10.2.2} 


t = 


J 


1 - 


^ _ 2dM 


3G« 


(10.2.3) 


mA ae thla tijao - • far any 

It tharefare w can uaa tha ScbwarBBijIiiW aaluiioflr aa r - a, the caBolMion 
la Ineecapnlilai li«ht caanat gat out paai riEg - anil Ho rwitbai* ewi anj' 
thlnu elae oopa'ble of ooTrylii* ■ algnal- 

Thia fnaolt atlBbt appear ta he aeaociated with the alJignlnrlty in . We 

aee hauever that thi rtte fit which e etanOard clock fit resrt mia* in 


dT 




fit 


find aa froffl any Olfitfince BTaater than clocfea appear to nm Infinitely 

HloHly at end light la infinitely Tedahlfted, 

Let aa emuuue theae effeote ofling iaetrapic opordlnatea. in which 

a,2 ^ j dt® - (l t *■* ■ 

/ (0,0.6) (10-2.4) 

The apatial piece of the netrie te«a«r hna no aihgulfirity In Inotropic Doordi- 
aatea. However, the ceordlnate velocity af light loea to aero aa r - Ej. 

(M 


iAo» 


«1 = 


2a‘ 


and the do eke stop at the saoe mdiiw- In iaotropie coardloataa 

vliicli liabftvefl witirtLy seimllily except at r=D^ ths tiaw tafEcu for light 
trarveliioK radielly ia 

r 

*■ - I T~ % ~ " 

t “ w]^ _ , Op _ 0*1 h 


^ich becodiflft ipf iiilte as 
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Prora tile point nf vIbu of bq obnerver loeitied far frflia tiie douf^fe ef tHd isravi^ 
iBtiowil fiftldi llftit fliBlttea froa m fa din h t 1b pTOgree«lTal|' mdabifted and 
token progreBfllval^f lak^er to |et out ne r tenda to tbo orltioAl radina. J'or 
T Ieoh than or ot|tiiiI to tiie oTiti-cal radiuB^ a light eigiuil c&uziot get otrt 
Add a so^^CE of grwitation lyiiig ^ollj within the orltioal radinfl io enwo-^ 
toped in m OTont horizon wling oomidicAiion irttli the ouiiritlo worlil 
ble« Vo mty oalotilatE bov far amy oudi an er'idii boriioii io fron on external 
oboorvor. 

u..-^ 

.r^ 

id. otandard oqDrditkBtefl^ vboro dt ia the lengtli of n real BeaaiLritiii rod 
atretrlied bott^aon Of^ordlDBtB porkor a iabeLled p and r ^ dr . Then 


i 

■i 


- .r? 

and » 0t 


r^r“-aT(ai + ZfSS.Ui{^ +^'r- at3H}^' 


(iD.e.s) 

wbioh ia finite for fiolte . la isotropic cnor-ilitinteB we flnS os Tj-Hj 
the difference owrety refleotiiig the roLatian 


r j =: Tg + GH for r » - 

We are not of eourae soggeating that a pltimli Itne bo laventd intq anoh fiolda 
to oiikQ the naaourcoiEnt . 


The Exiatenoe of atich one ppy Bfrent horiiSiictiii io not uniqiio to general rolatiwr 
Canslder a racket with nootlorimeter reading g . In an tnertiai fraiifl 
lio eqaatioD af Potion ia 

, ^ y - fft (9,B.4) (10,2,7) 

and hence t ^ 

r a ^ I r* ^ 

*= J .— . - IJ . (10,0.8) 

* Vl + S^2 

A light pulse enittEd at timm t* frqoL x»0 ia at ^ ^ t- t* at tliio t * 

f 1 ^ 

^ > ~ llgjit oon nerer catch up the roEket and m aignalB fm* apaoe cour- 

trol cannot he recelTed by the aatronanta ^ apace cantrol lien bohlnd an event 
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IfiT 


ImriEiiA. Tb# ismt msnethel&eB eifOBl b«ek ta bftae nud life goes on 

iLB uiual In both ^rpaan ^antral *iid ifl tb* spue# vahlcle^ The Aig^mlii start 
CQatajE in tLgein* of eourie, if tlie snginofl *r* Hwitcbifril off. 

In the case of *m ov«nt boFizaia syrrauiidiag b arBvitoting tbers in Hii 

witj- of EViichlog aff thfl liold prodDcimc tho harlBoOp BowaTer, If fcbo 
Schworcschild ^tric onfi tlie Dquotiono af rapiipa oro oorj-oct evm for r lo*t 
iliAii nr flqqal to the critlool Ilfs goes on *■ npual in a ^ce vablislB 

croABing this qritieiil raAiitoj the Loool 1 « identical to that fn * 

lAbaratdry far renoved froa ihs Baiirce of ibe lioldi prorrlded that the tidal 
forces nay be oegloptod^ 


10.3 ifction ta th* Keia of « tiloelt halp [3] 

i.et Ti* now <iaD»ia«r' tha aquation of jaotion of o psrtlclo felliug inworO* 


tadlally. Such a particle hoa ^oro aqpaar mnmoatiffli anfl eo u* can write Eq. 


(O.lO.lfl) In the foTB 



(1&.3.1) 


where T in the proper tins on the trajaetoiy, recordod hy « clock or the foil¬ 
ing portlalo. The quantity olearly repreaeots the Mtuare of the 

velooity ea r - * foot the coordinate eolooity *t InfiRity] bo 

forV a 3 GM 

W * -r 


^coaporB th* Nowtonim squAtion 


i ear* = I sin^ e and 


dT = 


- 

Tho propsr tiae oIspBltig between and im thu* 


(10*3.2) 


1" ■' 


r‘ 


flr 


C’i. 




{ j aoi 


^ p J a^^ 




( 10 . 3 . 3 ) 


Thia ia finite for all r^^, ewen for Fj^cO. A frooly falltns partiolo thus 
pasBOB through tho critical rodluB after 0 finite tine and indeed, arrlroa at 
the alngularity at the origin, tf aceoaallile, otter a finite proper tine. Tlw 
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Telflclty dr/ AT loor^ased toot loan Uy in accord ^ib tti^ ^d^oniao foitmla^ 

We Htuoi bowv^r eo^baoiat that dr/dr i* tho rato at vblcb radial coorAlutfl 
urkera are passai! nioaaiiTOd vitb ao on board ohroDOffletoF* If instead of 
infi abipboard proper tutee aa tbe time paranator w take coordlaatE lAicb 

ia also tbe proper tijae of an obaai^er at iafijiityi ea louat obb [0.10,lfl) 
anil write 

- [■-»“(>-f*)] «».M 

vberc 1-K® rapreeente tha coordinate weLocity squared at infinity, i*ieb fs 
also the Beaaurod valoe at infinity. The velocity 0 a* r ae 

VO wuld have expected aiflee bv« the coordinate relocLty nf light goes to 
zero at the critical radina^ We Bsy cvmltiata the tine taken to reficb the 
critical r^diitfl* 


=1 


VI 


dr 


^ T. 33H , 3Bfi 


( 1 D. 3 .&) 


Conaldar the two lioaita t 

{i) th# teat particle having tb# velccity of lights fben 

rr,- 2CM 


/Tt- :3Uf1 

t = aoi (« 


which tando to infinity bb ^ 

(li) to the Itolt 1-K^ - D «« hare 


t = Jf + 404 + (atw)^ to ^ 

v 2GM [ ^ Vr + v'aot'j rj 

which again tenda to infinity aa - SM, 


(lO.S.fl) 


(to. 3 ,?) 


Thus froB thfl point of view of ui oatfililo obeervor o particle opprpBcihing the 
critical radino slows doifo uid tokeafap loflnito timo to reach it, Ftvn the 
point of vitfw of on observer falling with the partioie th« oritlenl radios is 
pecRed after a finite tinw and itf* ^oea on as ubobI. Proa tbe point of view 
of on oiiteidfr obaerveri^ then, anythine Which pasjies the critical radinaj neiiag 
the proper tlDB of the falling oljeel aa the tlm poraoieter, ia effectively 
lD«t for ever and we aball now abov that thla in the Inei^oroblo fate of a large 
cloea of failing objecta^ It ia BOBt oonvoiiient to me for thin atudy the 
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1B9 


IC 4 . ( 6 pl 0 . 1 li)£ ve Rtiolt to tJi« ^tandotil fom oolutiau 

becnujia of tbe Pij^lio^t'ty of 'th.c oquatlocui of Biot ion io thPBO oaordlpaioB sad 
booayfi^ of the oIdbc analogy with tiio foidliar equatioao of Newtonioii thaory., 
tfrito 


with 


-2 52. 

dt 


a 


Differentiating with roapect to T ve obtain 

Si 3m 
dT^ ” " r* 




(lO/i.g) 


Hqiwtion (10^3,8) ia the aualogue of tlio Newtonisa aquation for oonBorTstloii 
of energy and Eq, the analogue of the Kevtonisn equation for the 

radial acceleration. W« inierpt'Ot Eq. (10.3.8) in the folLowiiig way. JU 
r — “ wi find 

1-1 

where { .A. 

Ut/ k® " 




Since 


dx 

B ^ 

"o ax ’ 


Kbere IB L. tb. proper lUBa, tb. quantity 1/K^ irltb th. ujunre 

o 

of the total energy at infinity fox unit proper neEa^ E„. Then 

In the SlB>vtQtil.iui limit we replAoft t by t , and nplBBlng by find 

, <ir\® , _ a®< 

where T id the kinetic energy for unit maae and we have dro|iped thoee temd 
which are saall In the NewtoniAU Linli. 

yroB llq* (l0*3-0) ft la clear that we nay ngiLril th* quantity 

i~\ 

Ji fl 3GH ^. m 

- r j - T 

SB the effective psteutlal aetemtolu* t bb a lunctieo of t , However, In 
relativistic prohlejns we worfc with total ener(jy more often than Irinetic energy 

and it i E conreniimt to write 


wh* ro 


(10.3.11) 


IflO 


(mnTAHim AM) BEUITTVITY 


ift tJifl total eiiErgj for unit bbbs At infliilLy (*iid aaed not jatranTin' 
thon tmlty) ani3 B Ik tbv HzigulBi^ iHTBAdtiiiK for unit tSAAit. 

Thii potoptiftl ftiq^fiictii V^{r) baa Jt raiig« nttraotiir# varying «« 

B diorier range repfulKiVA pi oca voryiiig aa t ^ And on firren ehorter rouge 
attractive piece varying be. * At very largo r, V^Cr)"*!. As r dccrca- 

KOI it vill go below 1 and tbou for ■ auffi-rlently large value of B reacli a 

■Jv 

■iniisua end increqae vitb decreBBing r r Tbla inoreaao Ia Juit the ccutTlfui-- 
gal repulKlonr and ttieaa btb precisely tb« chttracteriotioa cneouiitare'd la the 
Ne^oninn probl«n« ttewaver, st vory ipnalt r a rcptrifugaL attnActlqii provonta 
V^{r) fr™ lnereaBiiig bo an Infinite value ot r s 0, pk^odueea a njevijmnn 
in and then diga a liole in the midillir, Vo wy nnt<r that a centrifugai 

attPBotion is preient even in the aquatioos nf raotlan wa obtoiDod in the weak 
fielil ensa (Bqs* (6.4*14)2 {T»^«S))s we vere farted to iatrodyoe such u tern 
to ttcflount for the deflection ot light by the Sun. 


The fflaviw and nintnia of iiie patential funcbiim are givoa by 



the trivial Bplntien of this equation Is of eonrse r a » 
lions ax* 

2 _ _1_ ! i ^ 

r “ 30! S (SOM)^ * 

There is neither e jae^iDOB nor a mirtimm it 


. (10,3. IE) 

The pther two solu- 


(10,3.13) 


4 

38^ 


> 


1 


11 < av^fiM 


At this Value the irnMiaim SHid miivimua eoolosoe into a point of inflexion at 
F ■ nhinb- FepreBeiiid the iBet poesibLe stable circular orbit* Thua for 
any vnlne of the energy at infinity thsrs^ is no repulsion to atop a toat parti- 
ct« vith li < {3i froHB fflliiog Into rsSGM and hence being ceptnred by 

the sduree cf the gravitational field. In ttue ^(vwtonian eaa# of conrae nny 
npn^zera angular BoiaentitD is sufficient to prevent a test particle falling in 
in r= 0 , 


For a apeciflod yalue qf B>2^^ the memimm of the cantrlfugal barrier 
ocouTB at r I 



(10*3.14) 


If the total energy Is Aufflci^t for the teat particle to croaa the barrier, 
then it will he ewallaveil up. The eoudltlcn for capture is 
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E* > V«(f > . (10,3.16} 

m ^ vatM, 

Fur n parttelc- conlnfl In tvm iiiflnlty w tMo. dxpr««e the fijoBentnai for 

unit MAH in tenia e-f an ij^ct puraineter md the energy hi iiifinlty^ Fir from 
the flQured, edition la nrpprDXioiately itralgli1< line^ au4 da 


r we cp = b , r sId sp « i 

irbere tp is this BiiimiAhal angle BieaffCLrei^ rroni t[ | whinJ-te 


da that 

Aa f fsorraapanilliig 

cQiKliiiGn (1Q#3,15) 

\ntmaem 


With r = 3CiH wp b*ve 
ma'x 


a 


dT 

s2 


At 


IS)' • ■ 




. 1,^ (E* _ 1) . (10.3.19) 

to a piu*tifile noTio^ vith tb* Ttloelty af light) the 


laax 


TTfefiie 


TTh^ = 27 fi {cac)^ 


(10*3.1?) 


(Hid this in th« capturs cfaea^eactien ol an &hjeflt pf aiaae M , pnifitiently 
euupaci tp he emreloped hy bn ererit- herixiaai for relatlvlfftic par-tielea# It 
is alflP elear tiwit thare ie n* fttablfi orbit for reletlrlitlt particles, hut 
that (m tmatahlp ciTculAr orbit eiiatp at SCSI * 


For pqtt-relatlrtBrtie pert idee Htartine at infinity 

- -ii.* 

of courae. The energy cpndlilpa im obtBiJaod by setting 

have , . 

3.tii 3CTj_ 

“ r ^ *3 r 

Vi 


E^- 1 “ 0 when Trt 

flO.3.10) 


Set 



and Bolve for a, obtaining 


1 + 


I 

VI. 


“(f; 


Cmqiiire vl tb tbo cfladi tion aptrraiijing fn>ii the poxinmm of the pateo- 

tl>l (10.3.H) 
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niKi BP flad 
Thfli* 


7*--ra {*•,/*-*= (t/1 

VBY 


H M > v_b . 




16 IT 


IM® 


(lO.S.lfi) 


An abj«^t BuffiDlMitly cacdfrAHe^d §c] Ii« irfiolLy Its oriticfil 

(Sobwnrj&flcblld) to^iub tbus i^xhibiis iht falltiWillfl f^aLUfSS. TliG-r« existi Oq 

Btnbl# tirctilu^ orbit ictBidfr any t#iit jiarticlt cndovi^d wltb 

fi^itait mimontim irretri«vably f*Ils Into tho critical radlaCf taking 

ififtnlto tinife (am B^na by nii AXionuil abBcrvsif) to gel Aa ^xt^rnal 

obflttrvar cAUtioi KLemiit^fully A«k •whni hAppctui After thin r«dlua iv ponseil^ It 
is in this sense thst sueb n scllapsed object couHtitutes a hol^ in spHce^ 
Light cennot anenps- through tbc critical rsdfiis end as thia radiuB is 
spprosdisd bsconcs infinitely rcdsblfted^ fhe hcla ie black# 


10 Tbc search for black holea 

It jaoy be that black boles were fomed Jp the early Btairefl of the evolu¬ 
tion of thi unlvorset and it nHiy be that very puapsivc black holeo have beau 

If" 

famed as tht result of the imploaiop of star oluBtera or the oaree qf kbIq- 
Ve shall bowever liMii ourselvei to e brief disenesion of the vay tn 
which black hales fermod by the callapic of stars might wnifeat thoniselvcp [4], 


A youag star ocnslstii mtly of hydrogen* |p the early atages of stir foma- 
tiaQ fl cloud of interstellar gaa and dapit callBpaeH, heats up and at the Home 
time radlotes away the ourplns energy relBaaed in contractiop* When the 
interior becomes hot enongh for the nuclear reactions which tranaiBate hyiiroDeit 
to helium tc proceed, despite the inbibitipg effect of tbs Ceuloiiib ropulaion^ 
the star enters a quaBi-eqitjlihrttm phases La thia phase the epcrgy radiaiid 
from the hot nurface is balanced by the nuclear energy squrees in tbo carO* 
OncE the hydrogen in the cor# 1b eaLhauat ed^ col lapse of the Cor# Etnria iiibich 
is stoiitkcd when heliw is burned to ^orbeu and oxygen^ Moat of the availahl# 
iniclear eoer©' has beep consmued in the forepation of beliimi ^d ao a msaive 
core will evolve quickly towards irocii after wtoich no further nuclear energy 
Is sveiLsbls. If this cora is eufficiently denae that the electrona ore 
largely reLatlvistiCi the pressure eierted by this Ferai aea of electrons is 
ijijufficifirjit to stop further collapsHi. The critical mass for thlR Is known 
os the □sandrascklmr liiait and is about 
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1S3 


If th» jssTwr ris^a hhoV« Uiifl Liflitf tbe electroDH reoiain mn- 

the Fensi prssmire pre^flUtn and th* ntar wain -^iroiigJi 

D ^it.« dwAff pheii« in vhicb Icin^tKi e^ieriiy of t-he nuclei leaka Bvay. If 
the eof* In abov* th* ChnodraBekhAr Iwtt^ eollnpne CDatijmci In an uurtahle 
Bitnation^ the ®aro point energy of the &leqtroDs is raieed to the level at 
vhlcb they ai^e removed throegb tbe reaction 

p + e" — q. + 1ti 

and col lapse only fitopa vbon the neutron preseujre bnlancoa the ^ravitatloiial 
preBBure^ The density ia lonv Bucloar denaity^ The nlniiiitiH ouiea for n nentrop 
etar ia (It in BumiBiiig but rather foTtnitops that thia reault Day 

be obtained iMrely by aunmeDtiog the Menl^^aiiplrlopl forMuia for nuclear Dosaoe 
by a gravLtational energy tena.) 

If uo take the flciutty of «ich a aoutron atar to he 3 X 10^*En ai“^t the radlnp 

rru 

for IM 0 ia lOkp and — “ 0-1, Keeping the denaity coaatact and iDcreaiing 
the ouai, "j— 1 io penohed at n maae of * 

Thtac calcplatlona only give a very roo^h idea of the mafla for vhi.oh e neutroih 
star aurroujida iteelf with an event barlKOR. It ia clear that in order to 

make B proper caLoulatioa it ia neeeiaary to put tn a raaliatic eipation of 
state for the neutrouic letter and oalculate the equilibritm ooiidltloDa ueiz^ 
general relativity 1 pet end of hfewigiiiaD gravitetlop [bl* A poutran etar af 
odiss leae tluan will erpand to beooiDO a White dvarf; a bautrqn atar 

of BBSS jpreatar than a few will itself he utiatahle egulnet graii-tatioiiBl 
ooLlspse^ Ve expect therefore Uie collapBO of « ntelloT core vith iobsb ex- 
ceodLng a few to lead to m blacli hole- 

Id sgarching for a black hole repreaentiiig the end paint of tho woLutlon of a 
star w« ahoiilii therefore look for A object of several aolar ubbon or nore 
iriiich ia invisible and Banifeeto itself only through Ita long racge gravlta^ 
tiocai field. If ve can find dirtot evldanoc of svull ai^e (reaenbarlEig; that 
{9i^ If^kn) and otroiig gravltatiotuil field., sa mch the better# It seeDs 
hnpelesfl to aearoh for lioLated blaek boles, but idsue of all eters are t^boi- 
berp of multiple syiteiM [d]. The eearob bas tberafore couetntratad on binary 
eyetems vith one apparently normal mnoher. Obeerratiop of the tihara atari sties 
of the orbit of the priinnry can yield tha amaa of the unasen secoadory. An 
exuqile 1» the pecnltar eclipslfig binary e Aurigao^ The primary hue an crhi-^ 
tal velocity of 14 inn (obtained frou Dapplar ahifts) opd the period of the 
syatHL is years (from both Hoppler shifts apd tha tclipBea)# Tbe velocity 
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af the primary aqO the psrlofl give t&e m&s of tte ImrieiMv B9€/ttn.^ry in tisma 
the prinuiry mme*. Ttt« lntt«f w)/ hn tmm tli« vi^iUBl app^nroni^B- 

It tJiut ttie rliible etfir is rsther far in itm ami ha 9 

a iKes ill tbc rni!|g<* a sEi»[i4Bry mams id tfie rangq 

, vhitih im eertaidly far too mnalv^ far a natron star. 
tli« eclipflft loate for aljotit 400 days and if tha pacondory ts oompaot it mjit 
he anrroimdptl by n disc of fairly op#qTje wm^ iiliicb a^tiinlly fkten ib* tcllps^ 
liig» While Bncb a iDodel e^iplalns the li^t eurve of tbe ecIipAOSi cannot 
OOQCltJdfi thnt C Aor-i^e caoiolnB b good blaeb hiola candld^tef ft Ij poaelblo 
that the aecondBry la Hii^ily n bit t^fro raLnt Id b* viaibltt t?]- 


The boat pandidatp to date ia tbe X^ray adurce Cygmia %-l- The visible at.ar 
(HDE haa all tba hallBHrbs of a aupargiaiit )iith uosa SO^O and froJi 

tba Dopplar ablfts the voloaity of the primary £s Tfibna^^, [a] and th# 
period ia 5.6 days. Tba siats of tbe pecoddary is infsrrad to b# >5N . lu 
this ays tea there ia evidenot frcns tb# prdportlea of the X-ray soyrce that the 
aeonQdary ia coDpaci [blv Ffrit, there are atraiig irrogttliir flnptiiatioiLa iritb 
a tiBOapalP qf-^0#laec» and irregular ftiP^ering qq q Biflliaecond time ^eal e 
[lOl. lha X^rdyd are therefore prodllcied fmia one or lonre regiane oilly a fev 
bimiclrftd ItilodseireB aerpaq^ Sedotidly^ Itm pi of tb& J^rey energy rd dip ted Ilea 
id tbo rionge tO-IOOKdV « The ^rdya ar# tbqnghi to re Bill t fro in the dlalonded 
onralopa of tha sitpargiant itreaiiing aoroe? the oquilibrlira point featvsipn the 
tw gTBTltatloflpl fiolda and falling in towirfle the secondfl-xy t* for* o tnrba^ 
lent HQoretiod dipoi heotuiit tip tmd Tpdiatlng [fl], Xf m gsn s"^ fpll ill to 
rndius r faefqre getiidg hoti thdd very ron^ly 

to ^ to j* (10,4.1) 

whore M Ip the babb of the saqapidBFyf the X-ray Iwtnoslty nad T the 

tep^ratnre of the eoitting region. The qnodtlty cr in Stefanconataot^ 
The X-ray luidjiDaity ip dhtoined trmn the X^ray Intetiifity ot the receiver and 
oatiAatea of the distance of Cygjnie X-1, The dlatance naj^ bo ohtoinod froa 
the brightnepa of the prtpary and the oharaoteriptica of thn apectmn. Thla 
Ip a bit dflugorops becppse the prlHiy In EFiich a pyat«a vlght b# obckdirAal: e 
further oethod of eBtiapting tho distanco is froa tht reddoniuti of iho Light 
from the prisary by interittllar dust Dl]p The be«i oatiuoto of diatfuzoo is 
"^6000 light yeoTfl and the oorreBpondlng vnlue of ia iO^^erga*'^ (abont 

10^ X ) , 

■0 

If we take T lO"^ ^(oqrreBpoiidiiig to a theraai energy ia the gap orbiting 


the se«olldiiry dftben 
and if H = $Hgth«ii 


r “ 100 kn 


m ^ 10^"^ gin 
m Itr^ 

Mch y^BT* !EtiiB |.p a vtry roaH-nablt rote of trondfers it SM^t b^ rwnfifl^ 
bdred tbot tbe cooler duier rogioni of tbe aipc of itbb i&ust n*t bo too deiiad 
or til# JUrayo codld not get out. 


Tho X^rny wurcc fiorctilDe jt-l provides o beantifdl iLIuatrotioo of this Doeba- 
niflD 4t work [ol* This binary syitoa bov a period of 1-7 doya and -tbe X-^roy* 
are piilflod with a period of Juet ovor L«9 bbcj in the riiJi|(e of (rnaio) potaarB. 
^le pulantion proamnably reflects the rototiop of a neutron atari and Iibe 
allowed the e^itraction of the velocity of the aecondary through the per iodic 
Doppler shift sihibiteil by the pulsing: It 1# ISBfcs tls] - CJ|Fticnl 

Doppler Bttidies of tba priisary (32 BsrcnlLs) yield a prloary Telocity of 
M JiO ka , It^] ifc 


FroH these mnnhera We csn work out at ante lb# BftSBea of loth eoHponontp t 
AsaunJog mmll eccentricity^ os indiooted by the detalle of the Do|^lsr ehiftet 


we hav« 


MjtI GHjMj 
'i " (rj+r^)® ’ *'b 


whera 
bIbo have 


are the OietHnees from the oentre of mss of the syst«+ We 



(10.4.3) 


whore T is the period. Then 

Ml - 3.a X 10*“ K» (1*B M ) 

Hj . l.S X 10*“ >■ (0-0 1^} • (10.4.4) 

Ibe BBSS of the prisery thus a^rtrocted io Lo agreonent with tho oppearencB of 
tbr primery HZ ITeroulis and the sass of the BBoondary is indoflil rl^t in the 
middle of tha rai:^e of neasB expected fo<r neutron ptara. 

Tbe diatsuco cf Gcrcules X4 is eulO* lMlht years and the X-^rny luminorlty is 
a> 10®’ erg a*^, l^is eDllpitng syst™ has a further aausing footare. The pri¬ 
mary ia brighter and bluer on the side of the X-ray sourcet bocoalng dunmer and 
redder when the priiury is eoLipsiog the aocandaryf tl4l# The a taw sphere is 
preoiimiably heated by the impact of X^raya from Beronles X-1 - 


The JUray eource Centaurus X-3 has sIbIIst features Eh}, The poriod la 3,1 
days and the X-rays are palsod with a period of 4i^ aacondsT presiusohly the 
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loe 


accrttini lacotidiir^ ia anatber n^utran itar. 

cannot of OQXETE^ ^onilnde ttiAt C;]^]|tuiA X-1 cantaiiiQ a lilack bole. It !» £»t 
LB^Baible that -tba Bcoroting objoot La Lahb BmaaivB than Par oauuiple, 

pftThApa it i« a nnaiTon rtnr in orbit about a Btmr of maps vtaioli in ttuii 

ill 0F 

ii orbiting the prlnaryt althouith this oouma nnllliely. Havever* ev&o if th# 
nccrotin^ ahao la ^ t ^11 tho activity th* lUray telepcopei ora loaklcy ai 
la oQCUi'i'ibK a tumdrad IrilcoHtr'aii cut and the bypotheiioal critical radfuB la 
at ^l&ksin Tbe critical radiuB vtilch io the charact^riptic distiog^iaMng 
the of black bolea fmB otbar aottrcep cf ptropg gravitatioiidl fioidi la 

thns, at leaat for the Bdacnt, beypad obBervatlon, 


10,5 The nniyerge 


On H large Bcale tba tmlvarec is of rcngbly cenataut denaLtyp If It la 
both big enough and denaa anough the grentational fluid will tiolce escape of 
light to Infinity Ijqioeaibl* and the universe vcnld than ba clnseil^ p 

proper ttlaouaaioD of ooaiaoLogy it in necesiiBry to us# tbfl spluttpiia gf 


Elnatoiii'a field «|UAtloiiB in the prceeoce of a unifoni deapity pf imitter [iSls 


here we aarely unto ihot the condition tbc universe be closed ip very approxl- 


Httly 





The radius of the universe should be teben a a ^ 10^ ck , oorrespondiog to pi~ 
pans ion at apprariaately the velocity of light for about 10^® years, in order 
to satisfy Et|p (l0,r^pl) we need s density p Eowver the beat 

estiBuvtes pf the density currently eveilBble yield pm 10"^^ gsi coi"^, and it 
seents that the loft^hejid Hide pf £lc|. is at leapt an order of inagDi- 

tude lepE than miityi In^^lylJig an cp#n uitiverBe rather than e univeraal block 

boi*, del. 
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